A SHARP VERSION OF TALAGRAND’S SELECTOR PROCESS
CONJECTURE, WITH APPLICATIONS TO ROUNDING FRACTIONAL
COVERS AND BERNOULLI SUDAKOV MINORATION

HUY TUAN PHAM

ABSTRACT. We prove a sharp version of Talagrand’s selector process conjecture. Roughly
speaking, given any collection of nonnegative weight vectors whose support form a family
that is not p-small, a random set of density O(sp) captures all but a 2% fraction of weight
of some vector with high probability. This gives a common strengthening of Talagrand’s
selector process conjecture and the Kahn—Kalai conjecture.

We give two applications of this result. First, towards a conjecture of Talagrand on
the equivalence of expectation thresholds and fractional expectation thresholds, we show
that a p-small fractional cover supported on sets of size at most ¢ can be rounded to a
cp/log(2t)-small integral cover. As a corollary, we show that the fractional and integral
expectation thresholds are separated by at most a loglog factor. Second, we prove a Sudakov
minoration principle for general positive selector processes, which in particular resolves a
problem of Talagrand on Sudakov minoration for the product Bernoulli measure.

1. Introduction

The study of suprema of stochastic processes is of central interest in probability theory, with
influential applications in related areas. While the case if centered Gaussian processes was
well-understood thanks to Talagrand’s celebrated generic chaining bound and majorizing
measure theorem [16, 17, 20, 21], the situation is substantially more delicate beyond the
Gaussian setting. In this context, Talagrand has initiated a grand program to understand
suprema of general processes, which, thanks to advances on Talagrand’s Bernoulli conjecture
by Bednorz and Latata [1] and Talagrand’s generalized Bernoulli theorem [21], reduces to the
understanding of positive selector processes as the last missing piece in the picture. In this
context, Talagrand’s selector process conjecture [18, 19, 21| represents one of the “Unfulfilled
dreams” [21].

Among the numerous beautiful conjectures of Talagrand along this program, Talagrand also
suggested relations to the study of thresholds of monotone properties and the Kahn—Kalai
conjecture on the location of thresholds [9]. In particular, phenomena around thresholds and
positive selector processes were both predicted governed by first moment obstructions, which
we will introduce precisely later.

Recent works of Park and the author have confirmed both Talagrand’s selector process
conjecture [11] and the Kahn—Kalai conjecture [12], confirming the first moment obstructions
as the fundamental driving force in both cases. While this hints at some connection, and indeed
the proof of the Kahn—Kalai conjecture was crucially motivated by the proof of Talagrand’s
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selector process conjecture, no precise connection and implication was earlier known between
the two settings. The main result of this paper is a sharp version of Talagrand’s selector
process conjecture, which gives a common strengthening of Talagrand’s selector process
conjecture and the Kahn—Kalai conjecture. This gives a precise connection between the
study of thresholds of monotone properties in probabilistic combinatorics, and the study of
suprema of stochastic processes. As applications of this result, we will show an exponential
improvement on the gap between fractional expectation thresholds and expectation thresholds,
towards a conjecture of Talagrand [19], and show an analog of Sudakov’s minoration for
positive selector processes, addressing a question of Talagrand.

Given a finite set X and p € [0, 1], let X, be the random subset of X obtained by retaining
each element independently with probability p, and denote its law on 2% by pu,. For S € X,
let (S) ={A<c X :5c A}, and, for G = 2%, let (G) = |Jgeg(G). We say that G is a cover
of Hift H<(G). A family H < 2% is p-small if there is a cover G < 2% such that

Sl < 1
Geg 2

We call such G a first moment obstruction of H.
Given a collection A of nonnegative weight vectors on X, let

Z\(A) = Z A), Zx(A) = sup Z,(A).

e A AeA

The random variables Z,(.X,) form a selector process, and Z, (X,) is its supremum. Talagrand
[18, 19, 21] conjectured the following result, which was proved by Park and the author [11].

Theorem 1.1 (Talagrand’s selector process conjecture). There exists an absolute constant
L > 0 such that the following holds. Let 0 < p < 1, and let A be a collection of nonnegative
weight vectors on X such that EZ,(X,) < . Then

{AcC X : Z\(A) > LEZ\(X,)} is p-small. (1.1)

Equivalently, the event in (1.1) is contained in (G) for a collection G satisfying >, pl¢l <
1/2. Since p,({G)) = pll, the sets (G) play, for the Bernoulli product measure, the role
played by half-spaces in the Gaussian setting.

Positive selector processes represent processes where no cancellation is available, and their
suprema form an important part of the non-Gaussian theory. Earlier results [1, 21] reduce
the characterization of suprema of important centered stochastic processes, such as centered
Bernoulli-p processes, to positive selector processes. Positive selector processes also arise
naturally as discrete approximations of positive empirical processes. This connection was
used by Park and the author [11] to obtain an analogue of the selector process conjecture for
general positive empirical processes, answering a question of Talagrand. The original proof
of the selector process conjecture was subsequently extended to positive infinitely divisible
processes and positive canonical processes by Bednorz, Martynek and Meller [3, 4].

As observed by Talagrand [19], the selector process conjecture is equivalent, up to a change
in the absolute constant, to the following formulation.

Theorem 1.2. There exists a constant ¢ > 0 such that the following holds. Let 0 < p < 1,
let H < 2% be not p-small, and, for each H € H, consider a weight vector Ay : X — [0,1]
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such that Ay is supported on H and Y, _,; Au(z) = 1. Then,

E max Z An(x) = c.
HeH
zeXpnH

Another area where first moment obstructions play a fundamental role is the study of
thresholds, which is an important subject in probabilistic combinatorics and random graph
theory. Given any nontrivial increasing property (H) (H can be identified as the collection
of minimal elements of the property), its threshold p.(#) is the value of p for which

1
-5

It follows immediately from the union bound that whenever H is p-small, i.e. a first
moment obstruction exists for H at density p, then p.(H) = p. Kahn and Kalai [9] defined
the expectation threshold pg(#H) as the smallest p such that no first moment obstruction
exists, which presents a lower bound for p.(H).

The Kahn—Kalai conjecture asserts that this elementary lower bound always determines
the threshold up to a logarithmic factor. It was resolved by Park and the author [12] in the
more precise form below.

Theorem 1.3. There exists a constant C' > 0 such that the following holds. For all H which
is not p-small and { = maxpyey |H|,

P(chlogg € <H>) >1-— Og(l) > 1/2

P(X, € (H))

In particular,

pe(H) < Cpr(H)log(20).

The main result of the present paper is a sharp version of Talagrand’s selector process
conjecture, Theorem 1.2, which provides a unifying common strengthening of both Theorem
1.2 and Theorem 1.3.

1.1. The sharp selector theorem
The following theorem is the main result of the paper.

Theorem 1.4. There exists a constant C' > 0 such that the following holds. Let 0 < p < 1,
let H < 2% be not p-small, and, for each H € H, consider a weight vector Ay : X — [0, 1]
such that Ay is supported on H and ), _,; Ag(x) = 1. Let s be a positive integer. Then,
with probability at least 1 — 27571,

max Z Au(z) =1-27°%

HeH
2eXcspnH

This result also yields as a directly corollary the following sharp counterpart of the tail-event
formulation Theorem 1.1.

Corollary 1.5. There exists a constant ¢ > 0 such that the following holds. Let 0 < p < 1
and let A be a collection of nonnegative weight vectors on X such that EZ,(X,) < co. For
every 0 < ¢ < 1, the family

(AC X : Zy(A) > (1 + O)EZy(X,)}

is g-small for
__
17 log(2/8)
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Thus, in the original tail-event formulation, the far-tail event Z)(A) > LEZ,(X,) can
be replaced by the optimal tail event Z)(A) > (1 + 6)EZ,(X,), at the cost of replacing
p-smallness by ¢p/log(2/6)-smallness.

Writing § = 27°, Theorem 1.4 replaces the fixed positive fraction in Theorem 1.2 by 1 — 4,
at the cost of increasing the density by a factor of order log(1/4).

For s = 1, Theorem 1.4 recovers, up to a change in the sampling density by an absolute
constant, the selector process theorem of [11]. More importantly, it shows that one can
capture all but an e-fraction of the weight by increasing the density only by a factor of order
log(1/e). This dependence is best possible up to an absolute constant, as shown by the
example at the beginning of Section 2.

Theorem 1.4 also immediately implies the Kahn—Kalai theorem. Indeed, take Ay (z) = 1/|H|
for z € H and let s = [log(2¢)], where ¢ = maxpyey |H|. The conclusion gives some H € H
with .

|H\Xsp| < [H|27° < 5
and hence H < X¢,,. Hence, the selector process setup, and the sharp version Theorem 1.4
provides a strengthening of the Kahn—Kalai conjecture in the more general weighted setup.

While in general the log ¢ factor is needed in the Kahn—Kalai conjecture, Theorem 1.4
describes an essentially optimal unifying picture interpolating the phenomena between pg(H)
and p.(H) < Cpg(H)log(20).

In the next subsections, we describe several further applications of Theorem 1.4.

1.2. Thresholds and fractional covers

The expectation threshold can be equivalently expressed via the integer linear program

Cint(H; p) := min Z pa—_y

We2X
subject to Z xw =1 VH e H,
WcH
w e {0,1} VW e2X, (1.2)

Given the challenge in controlling integer linear programs, Talagrand [19] introduced the
fractional relaxation

Crac(H;p) :=min Z 2!V
We2X
subject to Z xw =1 VH e H,
WCEH
zy € [0, 1] VIV e 2%, (1.3)
We call w : 2 — [0, 1] satisfying Y,y w(W) = 1 for every H € H a fractional cover of H.

The fractional expectation threshold ps(H) is the largest p for which cpac(H;p) < 1/2. We
always have

pe(H) < pr(H) < pe(H).
The first inequality follows from the relaxation. For the second, if w is a fractional cover, then

I(X,e (M) < D, wW),

WcX,



whose expectation is Y. jyeqx w(W)pWl
Talagrand made a bold conjecture that the expectation threshold and fractional expectation
threshold are always equivalent up to constant factors.

Conjecture 1.6 (Talagrand [19]). There exists a constant C' > 0 such that
pe(H) < pr(H) < Cpe(H).

Equivalently, given w : 2% — [0,1] such that >, .,x w(W)p"l < 1/2, any H fractionally
covered by w is p/C-small.

Conjecture 1.6 can be viewed from the perspective of rounding fractional relaxations of
integer linear programs. In particular, it provides a broad general class of set-cover-type
integer program (1.2) for which there is no gap between the integral version and its relaxation
(1.3).

Our first application of Theorem 1.4 gives the following quantitative form of Talagrand’s
conjecture for fractional covers with bounded support size.

Theorem 1.7. There exists a constant ¢ > 0 such that the following holds. Let 0 < p < 1
and let t > 1 be an integer. Assume that H admits a fractional cover w : 2% — [0, 1] such that
Y veox w(W)pIW! < 1/2 and w is supported on sets of size at most t. Then cin(H;q) < 1/2
for ¢ = cp/log(2t), i.e. there exists g : 2% — {0,1} such that Yy, g(W) =1 for all H e H

and
D g™ <1y2.
Wwe2X

In particular, Theorem 1.7 verifies the asserted constant-factor rounding for every instance
in which ¢ is bounded by an absolute constant. Observe that the factor log(2t) here is different
from the logarithmic factor in the Kahn—Kalai theorem. Even for bounded ¢, the sets in ‘H
may have arbitrarily large size.

The proof of Theorem 1.7 provides a novel mechanism for rounding fractional covers that
is significantly different from standard randomized rounding, where the key driving force is
Theorem 1.4.

Combining Theorem 1.7 with the sampling argument of Fischer and Person [7] gives the
universal estimate

ps(H) < Cpp(H)loglog(4]X]).
Prior to our work, the best known bound on the gap between p;(H) and pg(H) is pr(H) <
pr(H) < O(pr(H)log | X|, which follows directly from the Kahn-Kalai conjecture.

Corollary 1.8. There exists an absolute constant ¢ > 0 such that the following holds. Let X
be a nonempty finite set, let 0 < p < 1, and suppose that H < 2% admits a fractional cover
w : 2% — [0, 1] such that

1
D w )™ < -
2
we2X
Then H is g-small for
cp
q

~ loglog(4]X|)’
Consequently, for every nontrivial increasing family (H) < 2%,
pe(H) < pr(H) < Cpp(H)loglog(4]X])

for an absolute constant C' > 0.



In particular, Corollary 1.8 provides an exponential improvement over the previous bound,
and strictly separates the fractional expectation threshold ps(H) from the threshold p.(H).

Previous progress on Conjecture 1.6 was restricted to several special cases. Talagrand [19]
proved the case where w is supported on singletons. Frankston, Kahn and Park [8] proved
the case where w is supported on pairs. Fischer and Person [7] considered fractional covers
supported on nearly linear uniform hypergraphs, and DeMarco and Kahn [5] treated the case
of cliques in graphs. The present work is independent of the work of Dubroff, Kahn and Park
[6], who, using a quantitative form of the selector theorem in [3], obtained a weaker version
of Theorem 1.7 with polynomial dependence on ¢, and hence does not provide improvement
over the log|X| bound for the gap between ps(#) and pg(#) in Corollary 1.8.

1.3. Sudakov minoration for s,

Sudakov minoration is one of the basic lower-bound principles for Gaussian processes. In
one of its standard forms, if (Gy)er is a centered Gaussian process and T contains N points
whose pairwise canonical distances are at least a, then

Esup Gy = car/log N
teT

for an absolute constant ¢ > 0. This is the fundamental one-scale entropy lower bound and
an important part of the majorizing measure theory; see Sudakov’s original work [14] and the
accounts in [10, 20, 21].

Given its central importance in the theory of Gaussian processes, Talagrand asked for an
analogue of Sudakov minoration for the Bernoulli product measure p,. In [22, Problem 4.1],
he proposed the following concrete formulation.

Problem 1.9 (Talagrand’s Problem 4.1). Does there exist an absolute constant ¢ > 0 such
that the following holds? Let 0 < p < 1, let X be a finite set, let n > 1, and let F < ()rf)
satisfy

\Fl=p™" and |F n F'| <n/2 for all distinct F, F' € F.
Must one have
Emax |F n X,| = en?
FeF

The overlap assumption plays the role of separation.
We will prove the following more general weighted form of Sudakov minoration for selector
processes that immediately implies an answer to Problem 1.9. For a nonnegative weight

vector A and W < X, we define A(W) = >, AM(2).

Theorem 1.10 (Sudakov minoration for selector processes). There exists an absolute constant
C > 0 such that the following holds. Let X be finite, let 0 < p < 1, let n and s be positive
integers, let r > 0, and let Ay be a finite subcollection of A < ]R);O. Suppose that, for every
A € Ay, there is a set C\ € X with |Cy| < n, and that

(Aol = p™".
If, for all distinct A\, ' € A,
AMC\\Cy) =, (1.4)
then, with probability at least 1 — 27571,
ZA(XC’sp) = (1 — 2_8)7’.
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In particular, under the remaining hypotheses of Theorem 1.10, for 0 < ¢ < 1/2 we have

[Ao| = <Cloi(2/g))” — PZAXp)=(1—-e)r)=>1-

The expected value consequence also follows immediately.

(1.5)

DO ™

Corollary 1.11. There exists an absolute constant ¢ > 0 such that the following holds.
Let X be finite, let 0 < p < 1, let n be a positive integer, let r > 0, and let Ay be a finite
subcollection of A € RZ,. Suppose that there are sets Cy = X, |C)\| < n, such that [Ag] = p™
and (1.4) holds for all distinct A\, \" € Ag. Then

EZx(X,) = cr.
Specializing to indicator vectors gives a positive answer to Problem 1.9.

Corollary 1.12 (Talagrand’s p,-Sudakov minoration). There exists an absolute constant
¢ > 0 such that the following holds. Let 0 < p < 1, let X be a finite set, let n > 1, and let
Fc ()n() satisfy

\Fl=p™" and |FF~ F'| <n/2 for all distinct F, F' € F.

Then
Emax |F n X,| = cn.
FeF

Theorem 1.10 is a direct discrete analogue of Sudakov minoration. The proof of this result
uses crucially Theorem 1.4.

1.4. Organization

In Section 2, we prove the main result, Theorem 1.4, via the new notion of towers of minimum
fragments.

In Section 3, we prove Theorem 1.7 and Corollary 1.8. In Section 4, we prove Theorem
1.10 and its consequences using Theorem 1.4.

We make no attempt to optimize absolute constants. Throughout the paper, N =
{0,1,2,...} and logarithms are in base 2. Whenever a displayed density is at least 1, we
interpret the corresponding sample as the full set X.

A preliminary version of the selector theorem and its application to fractional covers
appeared in the extended abstract [13]. The present journal version follows similar key ideas
in defining the towers of minimum fragments, while streamlining the proof and strengthening
the failure probability in the main result.

2. A sharp version of Talagrand’s selector process conjecture

In this section, we prove the sharp version of Talagrand’s selector process conjecture, Theorem
1.4.

Before moving on to the proof, we first remark that Theorem 1.4 is sharp in that, to
guarantee that maxpey 2, ep~x, Au(z) = 1 — €, we need in general that ¢ > Q(plog(1/e)).

Indeed, consider the example of the Erd6s-Rényi random graph G(n,q) (so X = ([Z])), where
n is even, and let ‘H be the collection of perfect matchings, which is not ¢/n-small for an
absolute constant ¢ > 0. For ¢ = s/n and ne*® sufficiently large, G(n,q) contains at least
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Q(e~*n) isolated vertices with high probability. Hence, for Ay (z) = 1/|H| for each x € H and
H e M, we have that maxpey 2,y x, () <1 —Q(e™).

2.1. Proof strategy and difficulty

To motivate the overall strategy of the proof, we will first give a high level discussion of the
plan in [11] and explain why proving Theorem 1.4 requires a new idea.

For S < X and Ay : X — [0, 1] supported on H, we denote Ay (S) = > oy Au(z). The
proof of Talagrand’s selector process conjecture in [11] relies on the key notion of minimum
fragments. Roughly speaking, for every W € 2% and H € H, the minimum fragment T'(W, H)
is a subset of H that arises from its interaction with . One then observes that the collection
UW) :={T(W,H) : H e H} forms a cover for H for each W € 2. Furthermore, under the
correct definition of the minimum fragment, one can show a key property that allows the
fragments to be efficiently encoded. Defining W to be bad if maxyey Ag(W) < ¢, one then
uses this property to prove, for ¢ = Cp,

Ew.x, |I(Wisbad) > plVl| «1/2, (2.1)
Ueld(W)

which leads to an upper bound on the probability that X, is bad, since any cover U for H
must have >, plVl = 1/2.

Our proof of Theorem 1.4 follows the same overarching scheme. However, the notion of
minimum fragments as defined in [11] cannot be used directly, and we need a more involved
notion, towers of minimum fragments. Without recalling the detailed definition of minimum
fragments in [11], we briefly explain why they are not sufficient to prove Theorem 1.4.

The selector process conjecture yields, for a typical sample W; ~ X, a heavy set H e H for
which Az (W) = ¢. One may hope to obtain Theorem 1.4 by replacing H by the collection of
sets H \W; and iterating with new samples W; ~ X,. This is roughly the iteration behind the
proof of the Kahn—Kalai conjecture. However, in the general weighted setup of the selector
process conjecture, there is a fundamental obstruction to this iteration. Roughly speaking,
based on each fragment T (W7, H), one obtains a heavy set H € H depending appropriately
on Wi and H. The proof requires H to be allowed to use elements outside W; U H. Hence,
we lose any control on the p-smallness of the collection of sets of the form H \W7.

Instead, our proof of Theorem 1.4 defines the notion of towers of minimum fragments. For

each H € H and samples Wy, ..., W, ~ X, where £ = O(s), the tower of minimum fragments
is a suitable collection of disjoint subsets T7,...,T, of H. It combines the information from
the interaction of H with all the samples W7, ..., W, across the ¢ “iterations”. In the context

of Theorem 1.4, say that (Wy,..., W) is bad if maxyey AH(Ule W;) < 1—27°. The towers
of minimum fragments are defined so that they satisfy a key property allowing them to be
efficiently encoded. As a result, for any bad (W7, ..., W;), we obtain an analogue of (2.1).
Achieving the correct notion of the tower of minimum fragments is a significant challenge.
The design of the tower of minimum fragments is guided by the following principle:
o (T1,...,T;) is defined so that (Z,t), where Z; = W; u T; and t; = |T}|, satisfies a
suitable feasibility condition with a witness (r, H'), where H' € H.

e For a feasible tuple (Z,t), we can guarantee that maxpgey )‘H(Ule Z)=1-27°%
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e The fragments T; can be identified efficiently in a subset T, which is uniquely determined
by the feasible data (Z,t).

e The size |T}| is comparable to |T}].

Achieving all properties above simultaneously is significantly harder than the case s = 1
considered previously in [11, 3, 4]. In particular, a key idea there is to verify that if 7; has
elements outside the desired set ﬁ, then a smaller fragment can be constructed. In our
case, this is highly nontrivial since feasibility has to be defined jointly across ¢ iterations.
Shrinking a fragment 7; at an earlier step leaves additional elements uncovered in the later
iterations, which might not be covered by any modification of the later fragments. Thus, our
construction of the tower of minimum fragments is significantly different from the previous
constructions.

In the next three subsections, we first make some simple reductions and then formally
introduce towers of minimum fragments together with their key property. In Subsection 2.5,
we complete the proof of Theorem 1.4.

2.2. Simple reductions

We first reduce Theorem 1.4 to a statement for weight vectors taking positive values among
{B™*:zeN}.

Theorem 2.1. There exists a constant Cy > 0 such that the following holds. Let 0 < p < 1,
let B = 2% for an integer L > 2, and let H < 2% be not p-small. For each H € H, consider a

weight vector Ay : X — [0, 1] such that Ay is supported on H,
1

S < ay(H) <1,
L <)

and every positive value of Ay belongs to {B~* : z € N}. Then, with probability at least
1 — 2B73, there exists H € H such that
Mg (H\X¢ypr) < B2
We show that Theorem 2.1 implies Theorem 1.4.

Proof. For each H € H, let vy = Ag/Ag(H), so vyg(H) = 1. For vy(x) > 0, let Ny (z) =
Blessvu @l and let Ny (z) = 0 when vy (z) = 0. Then
N () < vi(x) < BXy(2).
In particular, B~! < My (H) < 1, and every positive value of X} belongs to {B™* : z € N}.
Furthermore, for every Y € X,
Ny(H\Y) < B2 — Ap(Y)=1- B
Indeed, in this case,
vg(H\Y) < BNy (H\Y) < B,

and )\H(Y) = )\H(H)VH(Y) = I/H(Y) >1- B,

We now take B = 4° = 2% and apply Theorem 2.1 with L = 2s to the weight vectors .
Since B~ = 47° < 27%, Theorem 1.4 follows with C' = 2C,,. Moreover, its failure probability

is at most
23—3 _ 21—63 < 2—3—1



2.3. Towers of minimum fragments

Fix B = 2% for an integer L > 2, and let £ = 3L + 2. Notice that

1
27‘B = ZB*Q. (2.2)

Replacing H by {supp(Ag) : H € H} and retaining one associated weight vector for
each resulting set preserves the fact that the family is not p-small and does not change the
conclusion. As such, without loss of generality, we may assume

H = supp(An),

for every H € H. In particular, Ay (x) > 0 for every z € H.
For H e H and j € N, let

Hj:={re H:\g(z) =B}
Let My = max{j : H; # <}, and put H; = & for all other integers j. We denote
H_, = qu H; and Hs, = U];r H;. For Y < X, we also denote
Ao (V) = > Au(a).
zeYNnH>p,

All level sets and weight notation associated with a displayed H are formed using A\y. In
particular, we suppress Ay from the arguments of ® and its variants.
For r € {0,..., Mg + 3}, define

3 3
O(r; Y, H) = Aar(Y) — (1 — B2)\s,(H) + B~ <|H<r_2\ + Sl H ] + 48|Hr_1|) . (2.3)

For an integer n > 0, define

Thus, for n > 1,
n < [n|p < Bn. (2.4)

Given sets Z = (Z1, ..., Z;) and nonnegative integers t = (ty,...,1,), let

Zi=Jz (il

h<i

and Zy = . Define
y4
(r; Z,t, H) := O(r; Zo, H) = B Y 1y, (2.5)
h=1

Definition 2.2. We say that (Z,t) is feasible if there exists H € H and an integer r €
{0, ..., My + 3} such that

H_,_o5C Zl, (26)
and, for every j € {1,2} and i € [¢], at least one of the following holds:
H-\Zil + ) tn < 271 Ho—5 153 (2.7)
h<i
Hrfj\Zifl C Z;. (28)
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Furthermore, B
O(r;Z,t,H) > 0. (2.9)
We refer to (r, H) as a witness of the feasibility of (Z,t).

Define the lexicographic ordering on Z‘ by x < y if x = y or there exists i € [¢] such that
x; <y; and x; = y; for all j <4, where x = (x1,...,2¢) and y = (Y1,...,Ys).

Definition 2.3 (Towers of minimum fragments). Given a tuple W = (W, ..., W,) of subsets
of X and H € H, we say that a tuple of sets T = (11,...,T}) is a tower of fragments of
(W, H) if the following holds.

e The sets T1,...,T, are pairwise disjoint subsets of H, and, for every i € [(],
Tim (UWhUUTh) =®.
h<i h<i
e The tuple Z = Z(W,T) = (Z1,...,Z), where Z; = W; u T}, together with t =
(|T1], ..., |T%]) is feasible.
We say that T = T(W, H) is the minimum tower of fragments of (W, H) if (|T3,...,|T}|)

is minimal among all towers of fragments of (W, H) in the lexicographic ordering. We fix an
arbitrary deterministic choice among towers with the same size vector.

2.4. Key properties of the tower of minimum fragments

In this subsection, we record several key properties of the tower of minimum fragments.
Let T = T(W, H) be a minimum tower of fragments of (W, H), and let Z = Z(W,T) be
defined by Z; = W; 0 T;. Let t = (|T1],...,|T4]).
We first record some simple properties that follow directly from the definition.

Lemma 2.4. For every (W, H), a tower of fragments exists.

Proof. Consider T} = H\W; and T; = & for i > 1. We use the witness H and the threshold
r= Mg+ 3. In this case, Hs, = H,_1 = H, o = ¢ and H_,_o = H < Z;. Furthermore,

O(r;Z,t,H) = B™"|H|— B™"|T1| = B™"|H n Wy| = 0.
Thus, all the conditions in Definition 2.2 hold. [ |

In particular, this implies the existence of a tower of minimum fragments.
We first record the consequence of the feasibility conditions for the two levels H,_; and
H, .
Lemma 2.5. If (Z,t) is feasible with witness (r, H), then, for j € {1, 2},
_ 1
[H\Zd| < B2 |Hyl.

Proof. At the last step, either (2.7) holds, in which case

¢
| Ho \Zel + >t < 27| H, 18,
h=1
or (2.8) holds, in which case H,_j\Zy—1 € Z, and H,_\Z, = &. If |H,_;| > 0, (2.4) and
(2.2) give
_ B _ 1
|[Hy \Ze < 27[|Hrlls < 27°BlH, | = 7 B7*|H, .
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The statement is immediate when |H,_;| = 0. |

The next lemma explains the choice of the potential ®.
Lemma 2.6. If (Z,t) is feasible with witness (r, H), then

Aw(H\Z,) < B*Ag(H) < B,
Proof. By Lemma 2.5, for j € {1, 2},
Ai(Zen Hyj) = (L= B)Au(H,—;) = BB "|H, ;| - B9 |H,_\Zi|
> iB_Q)\H(HT_j).

Every element of H_,_, belongs to Z; and has weight at least B3~". Hence,

B72)\H<H<7‘—2) = BliT|H<r—2’ = Bir|H<r—2|‘
Recalling (2.3), (2.5), and (2.9), we obtain
Mi(ZynH) — (1 =B ) Ay(H) = ®(r; Zy, H)

V4
= B(r;Z, 6, H)+ B~ ) 1, >0

h=1
The left-hand side is B™?Ag(H) — Ag(H\Z,), which proves the lemma. |

The key property of towers of minimum fragments roughly shows that each 7; is contained
in a set 7; which is determined by (Z,t), while the total size of the sets T; is comparable to
the total size of the fragments. We next fix a choice of a witness of the feasibility of (Z,t)
which only depends on (Z, t).

Fix an arbitrary ordering on H. For each H € H, consider the thresholds r € {0, ..., My+3}
satisfying (2.6) and at least one of (2.7) and (2.8) for every j € {1,2} and i € [¢]. If there is no
such threshold, we ignore H. Otherwise, choose one which maximizes ®(r;Z, t, H), breaking
ties by taking the smallest r. Since (Z,t) is feasible, the resulting maximum is nonnegative
for at least one H. Let H be the first such H and let 7 be the corresponding threshold. At

every pair (j,1), we use (2.7) whenever it holds and otherwise use (2.8).
We define

1=H ou U H?—j;

Jje{1,2}:
(2.7) does not hold for (j,1)

P = U (H?fj\7i71> (2<1
je{1,2):
(2.7) does not hold for (j,7)

N

0.

Here (2.7) is evaluated with the pair (7, H). The sets 7; depend only on (Z,t). Furthermore,
for each j € {1,2}, there is at most one ¢ for which (2.7) does not hold and Hy_;\Z; ; is
nonempty.

The key property of towers of minimum fragments says that YA} always contains the fragment
T;.

Lemma 2.7 (Key property of towers of minimum fragments). We have T; < ﬁ for every

i€ [/].

12



Proof of Lemma 2.7. Suppose that = € T\T We first have x ¢ H<,. 9. Indeed H<T 2 € 71,

which contradicts the definition of a tower of fragments if ¢ > 1, while H<T 5 C T1 if 1 = 1.
Define

ﬂ\{[[)}, h = i,
T}/z: E-i-lu{x}v h:i+17i<éax¢m+l7
Ty, otherwise,
and let TV = (T7,..., 7)), t), =T}, Z;, = Wp 0T}, t' = (t|,...,t)), and Z' = (Z1,...,Z}).
The sets T7, ..., T, satisfy the first condition in the definition of a tower of fragments, and

t' < t.

We show that (Z’,t") is feasible with witness (7, H). Condition (2.6) follows from = ¢ H_z_o.
Suppose that = € H_; for some j € {1,2}. Since x € T}, we have = ¢ Z; ;. Since z ¢ T,
condition (2.7) holds at (7,4), and

[H \Z + Xt = [H N2+ )

h<i h<i

If i < ¢, then z € Z!,, and Z, = Z) for every h =i + 1. Thus, at step i + 1, condition (2.8)
remains valid if it held before, while the left-hand side of (2. 7) does not increase. The same

is true at every later step. For the other value of j, and also when x ¢ H; 1 U Hr 9, the
relevant set differences are unchanged, while the partial sums in (2.7) do not increase. Thus,
the previously valid condition remains valid.

We next consider (2.9). If i < ¢ and x ¢ VVZH, then 7’5 Zpand Y th =30 ty, 50 B
is unchanged. If i < ¢ and x € W, 1, then Ze Zy and Zh U= Zfb L tn — 1, so ® increases
by B~". Finally, suppose that s = ¢. Then Z, = Zg\{l’} and 3t =" 1, — 1. In this

case, ® increases by B if x € HT 1V H,, g Oor T ¢ H and changes by
BT — )\ﬁ(l’) =0
if 2 € Hp. Thus, (2.9) holds.

Hence, T’ is a tower of fragments with a lexicographically smaller size vector, contradicting
the minimality of T. [ |

In order for the key property of towers of minimum fragments to be useful, we need the
following bound on the sets T;.

Lemma 2.8. We have

£ 4
MIT <6t
i=1

whenever Zle t; > 0, and T, = & for all i when Zle t; = 0.
Proof. We first claim that

~ 3¢
|Hopo| < 52%- (2.10)

The claim is immediate if I;T<,c_2 = . Suppose then that ]/-\I<¢_2 # . In particular, the
threshold 7 — 1 belongs to the allowed range.

13



The pair (7 — 1, H) satisfies (2.6)(2.8). Indeed, the conditions on Hs_, are the same
as before. Also, Hy 3 € H_; o S Z7, so (2.8) holds at the first step and the relevant set

difference is empty afterwards. Finally, H_;_3 < Z;.
A direct calculation from (2.3) gives

O(F—1,Z,¢,H)— (7 Z,t, H)
= B 1 <4‘H,’:1‘ - BQ‘Hfl\Zg’>

~ (3B -~ P o
+B7 (4 - 1) |[Hrs| + B™(B = 1)|Hes |

- B7(B-1) ét (2.11)

=1

By Lemma 2.5,
1

4
so the first term on the right-hand side of (2.11) is nonnegative. On the other hand, the
choice of 7 maximizes the potential among the thresholds for H which satisfy (2.6)—(2.8).
Therefore, the left-hand side is nonpositive, and

|H-_\Z,| < ~B7?|H;_4],

3B . ~ d
(4 — 1) |H;_3| + (B —1)|H_p_3| < (B — 1);@.

1

Recalling that B > 4, we obtain
~ ~ ~ 3¢
|H o] = [Hrs| + |Hop_s| < 2;%

which proves the claim.
Now suppose that j € {1,2} and ¢ € [¢], that (2.7) does not hold for (j,7), and that

Hr_\Z; 1 # &. We show that

14
|Hr \Zi4| < 2Zth <2 Z th. (2.12)
h=1

h<i

Since (2.8) holds, ﬁ;_j\Z = . The failure of (2.7) therefore gives
Dotn > 27| He .
h<i
If i =1, then
[Hrj| < [|H 15 < 2t1.
I£ i > 1, condition (2.8) cannot have been used at the preceding step, since this would imply
H:_\Z;_y = . Hence, (2.7) holds at the preceding step and

(He \Zial + Yt <27V Hyllp <2t

h<i—1 h<i
This proves (2.12).

14



For each j € {1, 2}, the set ﬁg_j\7i_1 can be nonempty for at most one index i at which
(2.7) does not hold. Hence, if Zle t; > 0, the definition of the sets T;, (2.10), and (2.12) give

[N 3 ¢ l 4
=1 =1 =1 i=1

If Zle t; = 0, then (2.10) gives PAI<¢_2 = . Furthermore, if ]flg_j\7i_1 were nonempty at
an index where (2.7) does not hold, then (2.12) would give a positive cardinality strictly less
than zero. Thus, T; = ¢J for every i € [/]. |

2.5. Proof of Theorem 1.4

We will now prove Theorem 2.1. Let ¢ = 2'7ep, and let Cj be a sufficiently large absolute
constant. If ¢ = 1, then CypL > 1, and the conclusion is immediate. We may therefore
assume that ¢ < 1.

We first bound the number of possible vectors t.

Lemma 2.9. Fix Z and an integer k > 1. As t ranges over the size vectors satisfying

Zle t; = k which arise from a minimum tower mapping to Z, for each j € {1,2} there are at

most
3 ([logy(2k)] +1)°

possible indices i for which (2.7) does not hold and [fl,a,j\Zi,l # .
Proof. For every such index 1,

1< 27V He |5 < 2k
Indeed, (2.8) gives ﬁ[{n\_j\Z’i = (¥, so the failure of (2.7) at step i gives

27| Hejllp < Yt <k,

h<i

which gives the upper bound. The lower bound is immediate when i = 1. When ¢ > 1, (2.8)

cannot hold at step ¢ — 1, since I:T;_j\Zi_l # 5. Hence, (2.7) holds at step i — 1 and gives
the lower bound.
Let [|Hr_;|]z = B™ = 2™F and let d = [log,(2k)|. The previous bound implies

mL —logy(2k) <1 —1 < mlL.

For each fixed m, this interval contains at most d + 1 integer values of ¢. If it contains a value
1 </, then
mL <i—1+logy(2k) <{—1+d=3L+1+d.

Thus, the number of possible nonnegative integers m is at most
d+1
3+ [Z} < 3(d+1).

The result follows. [

Lemma 2.10. For every fixed Z and integer k > 1, the number of vectors t with Zle t, =k
which arise from a minimum tower mapping to Z is at most 2%,

15



Proof. By Lemma 2.7, t; > 0 only if T, + &. Apart from the first step, for each j € {1, 2}
there is at most one such step, and Lemma 2.9 gives at most 3([logy(2k)] + 1)? possibilities
for it. Thus, there are at most

(3([log, (2k)] + 1)% + 1)°
possible choices for these two steps. Once they are fixed, there are at most (k;rQ) nonnegative
vectors of total size k supported on the resulting set of at most three steps. Since [log,(2k)| < k,

we have
k+2

(3([og,(2k)] +1)* + 1)2 ( )

Let Wh,..., W, ~ X, be independent. For each pair (W, H), we select the minimum
tower of fragments using the deterministic choice fixed above. Let 7 (W) be the collection of
distinct selected tower tuples as H varies in H. Since the fragments are pairwise disjoint, for

every T € T(W),

) < 210k6 < 210]&" [

¢
Uz
i=1
We next record the inverse multiplicity bound which follows from the two key properties
in the previous subsection.

4

= ITil.

=1

Lemma 2.11. Fix Z and a vector t with Zle t; = k = 1. The number of selected tower
tuples T which map to (Z,t) is at most (23¢)*. Consequently, for fixed Z and k, the number
of pairs (t,T) arising from selected towers mapping to Z is at most (213¢)¥.

Proof. For the fixed pair (Z,t), the chosen pair (7, i ) and the sets T, are fixed. Lemma 2.7

gives T; < T; for every selected tower counted above. Treating the sets T; as disjoint labeled
copies and using Lemma 2.8, the number of possible towers for this fixed size vector is at

most
¢ A TR
T 21Tl 6k 3\
< = < < (2 .
E < t k p) S @0
The second statement follows from Lemma 2.10, since 2% (23¢)* = (213¢)*. |

We are now ready to state and prove the key switching lemma.

Lemma 2.12. For every integer a > 0, we have

¢ T 1._

EW1,...,WZ~X¢1 Z p 171| | < 18 e
TeT (W)
Yioi ITil>a

Proof. We denote by P, the product Bernoulli measure on (2%)¢. Map each pair (W, T) to
(Z,t, T), where

Zi =W; T, t; = |T;|.
This map is injective, since W; = Z,\T;. Furthermore, T; n W; = ¢4, and hence

IE31’]?(](<‘7ZV>) _ (1 ; q>zf_1 e
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Summing first over Z and using Lemma 2.11, we obtain

Ew Z pi:l |T;| < Z(QlSG)k ((1 —QQ>p) kZ]P)q(Z)

TeT(W) k>a

S ITil>a
k
_ Z <213€<]‘ - Q)p)
q

k>a
By the choice ¢ = 2'7e p, we have 23¢(1 — ¢)p/q < 1/16. Therefore, the last sum is at most
1
167F < —87°.
2,107 <

k>a

We will also use the following consequence of the exponential tail version of the Kahn—Kalai
conjecture due to Bell [2].

Lemma 2.13. There exists an absolute constant C'y > 0 such that the following holds. Let
X be a finite set, let 0 <p < 1, let r > 1, and let R < 2% be a family of nonempty sets of
size at most r. Suppose that every cover C of R satisfies

S plel > 1
CeC 4
Then, with probability at least 1 — 87", the set X¢,,, contains a member of R.

Proof. If 3p > 1, the conclusion is immediate after increasing C;. We may therefore assume
that 3p < 1. The family R is not (3p)-small. Indeed, a cover C with

>.8p) < !

CeC 2

cannot contain the empty set and would satisfy
1 1
2P )6 <
& 3 6

eC CeC

The result follows from [2, Theorem 3], applied with failure probability 8", yields the result,
since

log(r8") = 3r + logr < 4r.
[ |
Remark. Bell’s result is needed only for the exponentially small bound on the failure probability.
For the version of Theorem 2.1 in which the probability 1 —2B72 is replaced by 2/3, it is not
needed. Consequently, the same is true for the version of Theorem 1.4 with probability 2/3.

In particular, the argument gives new proofs, independent of the proofs in [11, 12], of both
Talagrand’s selector process conjecture and the Kahn—Kalai conjecture.

We can now complete the proof of Theorem 2.1.
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Proof of Theorem 2.1. Let
— Cmi ] _ j
5—{A<;X .mHéﬁAH(H\A)éB }, Y —UW“

For Y ¢ &, define

RY)={G<X\Y:1<|G|<L, YuGef&}
and

Ho(Y)={HeH:G< H for some G € R(Y)}.

Suppose first that every cover C of Hy(Y') satisfies

Z P> i
CeC
Every cover of R(Y) is then also a cover of H(Y). Condition on W, and let S ~ X¢y 1
be independent. Applying Lemma 2.13 on the ground set X\Y, we see that S contains a
member of R(Y) with probability at least 1 — 8 . Since £ is increasing, whenever this
happens, Y u S € £.
It remains to bound the probability of the other case. In this case, fix a cover C of Hy(Y)

such that
Sl < r
CeC 4
and consider H € H\Ho(Y). Let (11,...,T}) be its selected minimum tower of fragments.

We claim that
;

YT > L.

i=1

()

i=1

Indeed, otherwise put

We have Y U G = Ule(VVi u T;), so Lemma 2.6 gives Y U G € £. Moreover, GG is nonempty
since Y ¢ £, and G < H. Thus, G € R(Y), contradicting H ¢ Ho(Y).

The sets Ule T;, together with C, form a cover of ‘H. Since H is not p-small, the cost of
the tower unions Uf;l T; is greater than 1/4. Therefore,

1

TeT (W) 4
S ITi|>L

Lemma 2.12 and Markov’s inequality therefore show that the probability of this case is at
most 8~%. Consequently,
P(YuS¢E)<2-8F=2B""

The set Y has the same distribution as X,

qs» Where

¢ =1-(1-0q) <lg<2%pL.

Hence, Y U S has density at most (2'%e¢+C})pL. Taking Cy = 2%+ and using monotonicity
proves Theorem 2.1, and hence Theorem 1.4 by the reduction above. [ |
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Proof of Corollary 1.5. Let m, = EZ,(X,). We may assume that 0 < m, < c0. Let
L = [log(4/s B =2k S
log(4/0)]. Ca=
Suppose, for the sake of contradiction, that
A={Ac X :Zy(A) > (1+)m,}
is not g-small. For every A € A, choose A € A such that A(A) > (1 + d)m,, and put
M(2)(z e A)
va(z) = —)\A(A)
For v(z) > 0, let Xy(x) = Blossva@I and let N, (x) = 0 otherwise. Then
1
Ny(z) < va(z) < BN,(2), B < Ny(A) < 1

Applying Theorem 2.1 to A at density ¢, we have, with probability at least 1 —2B73, some

A e A such that

N(A\X,) < B2
In this case,

va(A\X,) < BN,(A\X,) < B
For this A,
Za(X,) = M(X,) = M (AN X,) > (1— B H(1+8)m,.
Taking expectations gives
m, > (1—2B7)(1 - B~ ")(1 + §)m,,.

On the other hand, B~! < §/4 and 2B~% < §/4, while

(1_5/4)2(1+5)=1+156(8—75+52)>1

for 0 < 6 < 1, a contradiction. Thus, A is g-small, from which the desired result follows. W

3. Finding small integral covers from fractional covers

In this section, we give the proof of Theorem 1.7, relying on Theorem 1.4. In particular,
given a fractional cover w, we construct appropriate weight vectors Ay on H. If H is not
¢-small, then Theorem 1.4 shows that, with reasonably high probability, maxgey Ap(Xy)
is very close to 1, for ¢’ not much larger than ¢. Relying on this conclusion, we then show
that the sum of w(W) over W contained in X, must be large. However, if ¢’ < p, then this
contradicts the assumption that w is fractionally small, i.e. Y cox w(W)p"! < 1/2.

Proof of Theorem 1.7. We may first assume that w(¥) = 0. Indeed, if a = w(J) > 0, define
w'(F) =0 and

wW)

—a

w'(W) = min { : 1} for every nonempty W < X.

Since a < 1/2, the function v’ is a fractional cover of H, and

Wyl —a 1/2—a 1
/ W |W| < ZWEQX 'l,U( < < _.
2, w/(Wp 1—a l—a 2
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Indeed, for each H € H, the sum of w(W)/(1 — a) over the nonempty sets W < H is at least
1, and truncating a term can only occur when that term becomes 1. We can therefore replace
w by w'.

Given the fractional cover w, we now construct weight vectors Ay for H € H as follows.
Denote W the support of the fractional cover w. For each H € H, define

3 w(W)
WeW:axeW,WCH |W|

ZyEH ZWGW:yGW,WQH [W|

In particular, > . Ag(z) = 1. Also note that

w(W
ooy e % wmn

yeH WeWweW,WcH Wew:-WcH

Let s = [log(2t)]. Assume for the sake of contradiction that H is not g-small for

__ %P
7= log(2t)
By Theorem 1.4, with probability at least 2/3, for ¢’ = C'sq and an absolute constant C' > 0,
1
>1-2"°>1— —
max Z Ag(r) =21-2"°>1 5

J:EXq/mH

Since s < 2log(2t), we have ¢’ < 2Ccp. We choose ¢ < min{1, (12C)~'}, so that ¢ < 1 and
¢ < p/6. On the other hand, observe that

[WAX |
Swewwen WW) — ZWeW:W;H,Wq;X , w(W) \W\q
2 Anl) = L
veXnH ZWeW:WgH w(W)
[WAX /|
_1 ZWGW:WQH,Wqu/ w(W) W
ZWGW:WgHqu/ w(W) + ZWeW:WgH,Wq;Xq, w(W)
<1 % ZWeW:WgH,Wq;Xq, w(W)
N Ywewwennx, W) + Xwewwenwex, WW)
q q
_ 1 ZWGW:WgHqu/ w(W)

+
t tZWeW:WgH w(W)

Here, in the first inequality, we use that |W| <t for all W e W.
We hence obtain, with probability at least 2/3,

1 1
< _
5 < 1+ ; +rggﬁ<x€; H)\H(x)
q/ﬁ

< ma ZWEW:WgHqu, w(W)
< max

Hen tZWeW:WgHw(W)

ZWGW:WgHqu/ w(W)

< max

HeH t
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Here we use the assumption that w is a fractional cover of # and hence Y cpppey w(W) = 1.
Therefore, with probability at least 2/3

max Z w(W) =
HeH
WeW:WCHNX

which implies

E max Z wW) | =
WeW:WSHAX,,
Note that
Z w(W) > max Z w(W).

HeH
WEW:Wqu/ WeW:WgHqu,

Thus,

E Z wW) | =
WeWw:wWeX,,
On the other hand, by linearity of expectation,
E Y, wW) = > (@),
Wew:wcX,, Wew

Since ¢ < p/6 and every set in W is nonempty,

El >, wW)|< ) 0/6)"w()

Wew:wex,, Wew
1 1
6 Wew
This is a contradiction, and hence we conclude that H must be ¢g-small, as desired. [ |

Combining Theorem 1.7 with the sampling argument of Fischer and Person [7, Lemmas 16
and 17], which we include below for completeness, we obtain Corollary 1.8.

Proof of Corollary 1.8. Let n = | X| and t = [log(8n)]. As in the proof of Theorem 1.7, we
may assume that w(f) = 0. Put

1
Ho=<3HeH: > wW) =50, Hi=H\Ho.

WcH
1I<|W <t

For 1 < |W| < t, let wo(W) = min{2w(W), 1}, and let wo(W) = 0 otherwise. Then wy is a
fractional cover of Hg and

> w2 < 3w < .

We2X We2X

DN | —
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Let ¢y < 1 be the constant in Theorem 1.7, and set
__ Gp
41og(2t)
Applying Theorem 1.7 to wy at density p/2, we obtain a cover of Hy having cost at most 1/2

at density cop/(2log(2t)). This cover cannot contain the empty set. Decreasing the density
by a factor of 2, we therefore obtain a cover G, of 7-[0 such that

Z ¢! <3 (3.1)
GeGo

Independently include every W < X with |W| > ¢ in G; with probability min{4(n +
Dw(W),1}. For every H € H,,

1

D wW) > -
WcH 2
|W >t

If one of these sets is included with probability 1, then H is covered surely. Otherwise,

P(H ¢ (Gr)) <exp [ —4(n+1) >, w(W) [ < e 21,

WcH
[W (>t

Hence,
1
(Hl $ <gl>> < e —2(n+1) < Z
Since g < p/4 and t = log(8n),

E [ > q|G|] <dn+1) > wW)(p/4"

Gegq [W|>t
1
<2n+1)4"ED < —
(n+1) 64
By Markov’s inequality, with probability at least 15/ 16,
Z q\Gl < il

Gegy

The event that G; covers H; has probability greater than 3/4, while the last event has
probability at least 15/16. Their intersection is nonempty, so we may fix a choice of G,
which covers H; and satisfies the last inequality. Together with (3.1), this shows that H is
g-small. [ |

4. Sudakov minoration for selector processes
In this section, we prove Theorem 1.10 and its corollaries.
Proof of Theorem 1.10. For T' < X, let
Ar={ e Ay:T cC)}, d(T) = |Ar|.

Choose T' < X maximizing
ATy, (4.1)
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and, among all maximizers, choose one for which |7'| is minimum. Since
d(D) = [Ao| = p™",
the maximum is positive, and hence T' < C), for some A € Ag. In particular, |T| < n.
We first observe that

d(T) = 2. (4.2)

Indeed, if d(T") = 1, then
d(Typ " <p™ < d(Q).

Thus, the empty set is also a maximizer in (4.1). By the choice of T', we would have T = (7,

which contradicts d(T") = 1, since d(&) = p™™ > 1.
By the maximality of T', for every S < X\T,

d(T v S) < pP¥la(T). (4.3)
Consider the family
Hr = {C\T : X € Ar}.

Its members are distinct. Indeed, if C\\T' = Cy\T for distinct A\, A" € Az, then C\ = Cy,
contradicting (1.4).

We claim that Hr is not p-small. Let G be a cover of Hyp, after discarding from G any set
which is not contained in a member of Hy. Counting the members of A7 according to a set
of the cover contained in Cy\T', and then using (4.3), we obtain

d(T) < Y d(TuG)<dT) ) p
Geg Geg

Z p\Gl > 1,

Geg

Thus, every cover G of Hr satisfies

proving the claim.
For H = C\\T € Hr, choose, using (4.2), some X € Ar distinct from A. Since T < Cy/, we
have

AH) = MC\Cy) = .
Define a weight vector vy : X — [0,1] by
() = {A(asw(m, reH,
0, x ¢ H.

Then vy is supported on H and vy(H) = 1.
Applying Theorem 1.4 to the family H7 and the weight vectors vy, we have, with probability
at least 1 —27°7! some H = Cy\\T € Hr such that

vir(Xosp) =1 - 277
Since A(z) = A(H)vy(z) = rvy(zx) for every x € H, it follows that
ZA(XCSp) = )\(XCsp) > TVH<XCSp) > (1 _ 273)7a.
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In particular, let Cy = 1 be the absolute constant in Theorem 1.10, and choose

P
= [log(1 = —,
o= llog(1/e)l,  a=
Since s < log(2/¢), the hypothesis in (1.5), with C' = Cj, gives |Ag| = ¢~". Theorem 1.10,
applied at density ¢, gives

P(ZA(X,) = (1—e)r) =1 -2 >1— %
Proof of Corollary 1.11. Let C' = 1 be the absolute constant in Theorem 1.10, and let
K = [C]. Applying Theorem 1.10 with s = 1 gives
3r

IE’ZA()(min{Cp,l}») = g

Indeed, the corresponding random variable is at least r/2 with probability at least 3/4.

Let Y ~ Xnin{cp,1}- Independently assign each element of Y one of K colors uniformly,
and let Y; be the set of elements receiving color i. Each Y; has the same law as X ,, where

(4.4)

~ min{Cp, 1} -
- — <

Since the weight vectors are nonnegative,
K
ZA(Y) < Y ZA(Y7).
i=1

Taking expectations, using monotonicity, and then (4.4), we get

3; <SEZ\(Y) < KEZ\(X,) < KEZ\(X,).

This proves the result with ¢ = 3/(8K). [

Proof of Corollary 1.12. If p = 1, the result is immediate. Suppose that p < 1, and take
A=Ay ={lp: FeF} Cy,. = F.
For distinct F, F' € F,

n
Ip(C1,\C1,,) = |F\F'| =n—|Fn F'| > 7
Corollary 1.11, applied with r = n/2, gives
EI}I}S}( |F N X,| = EZ\(X,) = cn,
after changing the absolute constant c. [
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