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Abstract. We prove a sharp version of Talagrand’s selector process conjecture. Roughly
speaking, given any collection of nonnegative weight vectors whose support form a family
that is not p-small, a random set of density Opspq captures all but a 2´s fraction of weight
of some vector with high probability. This gives a common strengthening of Talagrand’s
selector process conjecture and the Kahn–Kalai conjecture.

We give two applications of this result. First, towards a conjecture of Talagrand on
the equivalence of expectation thresholds and fractional expectation thresholds, we show
that a p-small fractional cover supported on sets of size at most t can be rounded to a
cp{ logp2tq-small integral cover. As a corollary, we show that the fractional and integral
expectation thresholds are separated by at most a log log factor. Second, we prove a Sudakov
minoration principle for general positive selector processes, which in particular resolves a
problem of Talagrand on Sudakov minoration for the product Bernoulli measure.

1. Introduction
The study of suprema of stochastic processes is of central interest in probability theory, with
influential applications in related areas. While the case if centered Gaussian processes was
well-understood thanks to Talagrand’s celebrated generic chaining bound and majorizing
measure theorem [16, 17, 20, 21], the situation is substantially more delicate beyond the
Gaussian setting. In this context, Talagrand has initiated a grand program to understand
suprema of general processes, which, thanks to advances on Talagrand’s Bernoulli conjecture
by Bednorz and Latała [1] and Talagrand’s generalized Bernoulli theorem [21], reduces to the
understanding of positive selector processes as the last missing piece in the picture. In this
context, Talagrand’s selector process conjecture [18, 19, 21] represents one of the “Unfulfilled
dreams” [21].

Among the numerous beautiful conjectures of Talagrand along this program, Talagrand also
suggested relations to the study of thresholds of monotone properties and the Kahn–Kalai
conjecture on the location of thresholds [9]. In particular, phenomena around thresholds and
positive selector processes were both predicted governed by first moment obstructions, which
we will introduce precisely later.

Recent works of Park and the author have confirmed both Talagrand’s selector process
conjecture [11] and the Kahn–Kalai conjecture [12], confirming the first moment obstructions
as the fundamental driving force in both cases. While this hints at some connection, and indeed
the proof of the Kahn–Kalai conjecture was crucially motivated by the proof of Talagrand’s
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selector process conjecture, no precise connection and implication was earlier known between
the two settings. The main result of this paper is a sharp version of Talagrand’s selector
process conjecture, which gives a common strengthening of Talagrand’s selector process
conjecture and the Kahn–Kalai conjecture. This gives a precise connection between the
study of thresholds of monotone properties in probabilistic combinatorics, and the study of
suprema of stochastic processes. As applications of this result, we will show an exponential
improvement on the gap between fractional expectation thresholds and expectation thresholds,
towards a conjecture of Talagrand [19], and show an analog of Sudakov’s minoration for
positive selector processes, addressing a question of Talagrand.

Given a finite set X and p P r0, 1s, let Xp be the random subset of X obtained by retaining
each element independently with probability p, and denote its law on 2X by µp. For S Ď X,
let xSy “ tA Ď X : S Ď Au, and, for G Ď 2X , let xGy “

Ť

GPGxGy. We say that G is a cover
of H if H Ď xGy. A family H Ď 2X is p-small if there is a cover G Ď 2X such that

ÿ

GPG
p|G| ď

1
2 .

We call such G a first moment obstruction of H.
Given a collection Λ of nonnegative weight vectors on X, let

ZλpAq “
ÿ

xPA

λpxq, ZΛpAq “ sup
λPΛ

ZλpAq.

The random variables ZλpXpq form a selector process, and ZΛpXpq is its supremum. Talagrand
[18, 19, 21] conjectured the following result, which was proved by Park and the author [11].

Theorem 1.1 (Talagrand’s selector process conjecture). There exists an absolute constant
L ą 0 such that the following holds. Let 0 ă p ď 1, and let Λ be a collection of nonnegative
weight vectors on X such that EZΛpXpq ă 8. Then

tA Ď X : ZΛpAq ą LEZΛpXpqu is p-small. (1.1)

Equivalently, the event in (1.1) is contained in xGy for a collection G satisfying
ř

GPG p
|G| ď

1{2. Since µppxGyq “ p|G|, the sets xGy play, for the Bernoulli product measure, the role
played by half-spaces in the Gaussian setting.

Positive selector processes represent processes where no cancellation is available, and their
suprema form an important part of the non-Gaussian theory. Earlier results [1, 21] reduce
the characterization of suprema of important centered stochastic processes, such as centered
Bernoulli-p processes, to positive selector processes. Positive selector processes also arise
naturally as discrete approximations of positive empirical processes. This connection was
used by Park and the author [11] to obtain an analogue of the selector process conjecture for
general positive empirical processes, answering a question of Talagrand. The original proof
of the selector process conjecture was subsequently extended to positive infinitely divisible
processes and positive canonical processes by Bednorz, Martynek and Meller [3, 4].

As observed by Talagrand [19], the selector process conjecture is equivalent, up to a change
in the absolute constant, to the following formulation.

Theorem 1.2. There exists a constant c ą 0 such that the following holds. Let 0 ă p ď 1,
let H Ď 2X be not p-small, and, for each H P H, consider a weight vector λH : X Ñ r0, 1s
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such that λH is supported on H and
ř

xPH λHpxq ě 1. Then,

Emax
HPH

ÿ

xPXpXH

λHpxq ě c.

Another area where first moment obstructions play a fundamental role is the study of
thresholds, which is an important subject in probabilistic combinatorics and random graph
theory. Given any nontrivial increasing property xHy (H can be identified as the collection
of minimal elements of the property), its threshold pcpHq is the value of p for which

PpXp P xHyq “
1
2 .

It follows immediately from the union bound that whenever H is p-small, i.e. a first
moment obstruction exists for H at density p, then pcpHq ě p. Kahn and Kalai [9] defined
the expectation threshold pEpHq as the smallest p such that no first moment obstruction
exists, which presents a lower bound for pcpHq.

The Kahn–Kalai conjecture asserts that this elementary lower bound always determines
the threshold up to a logarithmic factor. It was resolved by Park and the author [12] in the
more precise form below.
Theorem 1.3. There exists a constant C ą 0 such that the following holds. For all H which
is not p-small and ` “ maxHPH |H|,

PpXCp log ` P xHyq ą 1´ o`p1q ą 1{2.
In particular,

pcpHq ď CpEpHq logp2`q.
The main result of the present paper is a sharp version of Talagrand’s selector process

conjecture, Theorem 1.2, which provides a unifying common strengthening of both Theorem
1.2 and Theorem 1.3.

1.1. The sharp selector theorem
The following theorem is the main result of the paper.
Theorem 1.4. There exists a constant C ą 0 such that the following holds. Let 0 ă p ď 1,
let H Ď 2X be not p-small, and, for each H P H, consider a weight vector λH : X Ñ r0, 1s
such that λH is supported on H and

ř

xPH λHpxq ě 1. Let s be a positive integer. Then,
with probability at least 1´ 2´s´1,

max
HPH

ÿ

xPXCspXH

λHpxq ě 1´ 2´s.

This result also yields as a directly corollary the following sharp counterpart of the tail-event
formulation Theorem 1.1.
Corollary 1.5. There exists a constant c ą 0 such that the following holds. Let 0 ă p ď 1
and let Λ be a collection of nonnegative weight vectors on X such that EZΛpXpq ă 8. For
every 0 ă δ ď 1, the family

tA Ď X : ZΛpAq ą p1` δqEZΛpXpqu

is q-small for
q “

cp

logp2{δq .
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Thus, in the original tail-event formulation, the far-tail event ZΛpAq ą LEZΛpXpq can
be replaced by the optimal tail event ZΛpAq ą p1 ` δqEZΛpXpq, at the cost of replacing
p-smallness by cp{ logp2{δq-smallness.

Writing δ “ 2´s, Theorem 1.4 replaces the fixed positive fraction in Theorem 1.2 by 1´ δ,
at the cost of increasing the density by a factor of order logp1{δq.

For s “ 1, Theorem 1.4 recovers, up to a change in the sampling density by an absolute
constant, the selector process theorem of [11]. More importantly, it shows that one can
capture all but an ε-fraction of the weight by increasing the density only by a factor of order
logp1{εq. This dependence is best possible up to an absolute constant, as shown by the
example at the beginning of Section 2.

Theorem 1.4 also immediately implies the Kahn–Kalai theorem. Indeed, take λHpxq “ 1{|H|
for x P H and let s “ rlogp2`qs, where ` “ maxHPH |H|. The conclusion gives some H P H
with

|HzXCsp| ď |H|2´s ď
1
2 ,

and hence H Ď XCsp. Hence, the selector process setup, and the sharp version Theorem 1.4
provides a strengthening of the Kahn–Kalai conjecture in the more general weighted setup.

While in general the log ` factor is needed in the Kahn–Kalai conjecture, Theorem 1.4
describes an essentially optimal unifying picture interpolating the phenomena between pEpHq
and pcpHq ď CpEpHq logp2`q.

In the next subsections, we describe several further applications of Theorem 1.4.

1.2. Thresholds and fractional covers
The expectation threshold can be equivalently expressed via the integer linear program

cintpH; pq :“min
ÿ

WP2X

xWp
|W |

subject to
ÿ

WĎH

xW ě 1 @H P H,

xW P t0, 1u @W P 2X , (1.2)
Given the challenge in controlling integer linear programs, Talagrand [19] introduced the

fractional relaxation
cfracpH; pq :“min

ÿ

WP2X

xWp
|W |

subject to
ÿ

WĎH

xW ě 1 @H P H,

xW P r0, 1s @W P 2X . (1.3)

We call w : 2X Ñ r0, 1s satisfying
ř

WĎH wpW q ě 1 for every H P H a fractional cover of H.
The fractional expectation threshold pf pHq is the largest p for which cfracpH; pq ď 1{2. We
always have

pEpHq ď pf pHq ď pcpHq.
The first inequality follows from the relaxation. For the second, if w is a fractional cover, then

IpXp P xHyq ď
ÿ

WĎXp

wpW q,
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whose expectation is
ř

WP2X wpW qp|W |.
Talagrand made a bold conjecture that the expectation threshold and fractional expectation

threshold are always equivalent up to constant factors.
Conjecture 1.6 (Talagrand [19]). There exists a constant C ą 0 such that

pEpHq ď pf pHq ď CpEpHq.
Equivalently, given w : 2X Ñ r0, 1s such that

ř

WP2X wpW qp|W | ď 1{2, any H fractionally
covered by w is p{C-small.

Conjecture 1.6 can be viewed from the perspective of rounding fractional relaxations of
integer linear programs. In particular, it provides a broad general class of set-cover-type
integer program (1.2) for which there is no gap between the integral version and its relaxation
(1.3).

Our first application of Theorem 1.4 gives the following quantitative form of Talagrand’s
conjecture for fractional covers with bounded support size.
Theorem 1.7. There exists a constant c ą 0 such that the following holds. Let 0 ă p ď 1
and let t ě 1 be an integer. Assume that H admits a fractional cover w : 2X Ñ r0, 1s such that
ř

WP2X wpW qp|W | ď 1{2 and w is supported on sets of size at most t. Then cintpH; qq ď 1{2
for q “ cp{ logp2tq, i.e. there exists g : 2X Ñ t0, 1u such that

ř

WĎH gpW q ě 1 for all H P H
and

ÿ

WP2X

gpW qq|W | ď 1{2.

In particular, Theorem 1.7 verifies the asserted constant-factor rounding for every instance
in which t is bounded by an absolute constant. Observe that the factor logp2tq here is different
from the logarithmic factor in the Kahn–Kalai theorem. Even for bounded t, the sets in H
may have arbitrarily large size.

The proof of Theorem 1.7 provides a novel mechanism for rounding fractional covers that
is significantly different from standard randomized rounding, where the key driving force is
Theorem 1.4.

Combining Theorem 1.7 with the sampling argument of Fischer and Person [7] gives the
universal estimate

pf pHq ď CpEpHq log logp4|X|q.
Prior to our work, the best known bound on the gap between pf pHq and pEpHq is pEpHq ď
pf pHq ď OppEpHq log |X|, which follows directly from the Kahn–Kalai conjecture.
Corollary 1.8. There exists an absolute constant c ą 0 such that the following holds. Let X
be a nonempty finite set, let 0 ă p ď 1, and suppose that H Ď 2X admits a fractional cover
w : 2X Ñ r0, 1s such that

ÿ

WP2X

wpW qp|W | ď
1
2 .

Then H is q-small for
q “

cp

log logp4|X|q .

Consequently, for every nontrivial increasing family xHy Ď 2X ,
pEpHq ď pf pHq ď CpEpHq log logp4|X|q

for an absolute constant C ą 0.
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In particular, Corollary 1.8 provides an exponential improvement over the previous bound,
and strictly separates the fractional expectation threshold pf pHq from the threshold pcpHq.

Previous progress on Conjecture 1.6 was restricted to several special cases. Talagrand [19]
proved the case where w is supported on singletons. Frankston, Kahn and Park [8] proved
the case where w is supported on pairs. Fischer and Person [7] considered fractional covers
supported on nearly linear uniform hypergraphs, and DeMarco and Kahn [5] treated the case
of cliques in graphs. The present work is independent of the work of Dubroff, Kahn and Park
[6], who, using a quantitative form of the selector theorem in [3], obtained a weaker version
of Theorem 1.7 with polynomial dependence on t, and hence does not provide improvement
over the log |X| bound for the gap between pf pHq and pEpHq in Corollary 1.8.

1.3. Sudakov minoration for µp
Sudakov minoration is one of the basic lower-bound principles for Gaussian processes. In
one of its standard forms, if pGtqtPT is a centered Gaussian process and T contains N points
whose pairwise canonical distances are at least a, then

E sup
tPT

Gt ě ca
a

logN

for an absolute constant c ą 0. This is the fundamental one-scale entropy lower bound and
an important part of the majorizing measure theory; see Sudakov’s original work [14] and the
accounts in [10, 20, 21].

Given its central importance in the theory of Gaussian processes, Talagrand asked for an
analogue of Sudakov minoration for the Bernoulli product measure µp. In [22, Problem 4.1],
he proposed the following concrete formulation.

Problem 1.9 (Talagrand’s Problem 4.1). Does there exist an absolute constant c ą 0 such
that the following holds? Let 0 ă p ă 1, let X be a finite set, let n ě 1, and let F Ď

`

X
n

˘

satisfy
|F | ě p´n and |F X F 1| ď n{2 for all distinct F, F 1 P F .

Must one have
Emax

FPF
|F XXp| ě cn?

The overlap assumption plays the role of separation.
We will prove the following more general weighted form of Sudakov minoration for selector

processes that immediately implies an answer to Problem 1.9. For a nonnegative weight
vector λ and W Ď X, we define λpW q “

ř

xPW λpxq.

Theorem 1.10 (Sudakov minoration for selector processes). There exists an absolute constant
C ą 0 such that the following holds. Let X be finite, let 0 ă p ă 1, let n and s be positive
integers, let r ą 0, and let Λ0 be a finite subcollection of Λ Ď RX

ě0. Suppose that, for every
λ P Λ0, there is a set Cλ Ď X with |Cλ| ď n, and that

|Λ0| ě p´n.

If, for all distinct λ, λ1 P Λ0,
λpCλzCλ1q ě r, (1.4)

then, with probability at least 1´ 2´s´1,
ZΛpXCspq ě p1´ 2´sqr.
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In particular, under the remaining hypotheses of Theorem 1.10, for 0 ă ε ď 1{2 we have

|Λ0| ě

ˆ

C logp2{εq
p

˙n

ùñ P
`

ZΛpXpq ě p1´ εqr
˘

ě 1´ ε

2 . (1.5)

The expected value consequence also follows immediately.

Corollary 1.11. There exists an absolute constant c ą 0 such that the following holds.
Let X be finite, let 0 ă p ă 1, let n be a positive integer, let r ą 0, and let Λ0 be a finite
subcollection of Λ Ď RX

ě0. Suppose that there are sets Cλ Ď X, |Cλ| ď n, such that |Λ0| ě p´n

and (1.4) holds for all distinct λ, λ1 P Λ0. Then
EZΛpXpq ě cr.

Specializing to indicator vectors gives a positive answer to Problem 1.9.

Corollary 1.12 (Talagrand’s µp-Sudakov minoration). There exists an absolute constant
c ą 0 such that the following holds. Let 0 ă p ď 1, let X be a finite set, let n ě 1, and let
F Ď

`

X
n

˘

satisfy

|F | ě p´n and |F X F 1| ď n{2 for all distinct F, F 1 P F .
Then

Emax
FPF

|F XXp| ě cn.

Theorem 1.10 is a direct discrete analogue of Sudakov minoration. The proof of this result
uses crucially Theorem 1.4.

1.4. Organization
In Section 2, we prove the main result, Theorem 1.4, via the new notion of towers of minimum
fragments.

In Section 3, we prove Theorem 1.7 and Corollary 1.8. In Section 4, we prove Theorem
1.10 and its consequences using Theorem 1.4.

We make no attempt to optimize absolute constants. Throughout the paper, N “

t0, 1, 2, . . .u and logarithms are in base 2. Whenever a displayed density is at least 1, we
interpret the corresponding sample as the full set X.

A preliminary version of the selector theorem and its application to fractional covers
appeared in the extended abstract [13]. The present journal version follows similar key ideas
in defining the towers of minimum fragments, while streamlining the proof and strengthening
the failure probability in the main result.

2. A sharp version of Talagrand’s selector process conjecture
In this section, we prove the sharp version of Talagrand’s selector process conjecture, Theorem
1.4.

Before moving on to the proof, we first remark that Theorem 1.4 is sharp in that, to
guarantee that maxHPH

ř

xPHXXq
λHpxq ě 1 ´ ε, we need in general that q ě Ωpp logp1{εqq.

Indeed, consider the example of the Erdős-Rényi random graph Gpn, qq (so X “
`

rns
2

˘

), where
n is even, and let H be the collection of perfect matchings, which is not c{n-small for an
absolute constant c ą 0. For q “ s{n and ne´s sufficiently large, Gpn, qq contains at least
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Ωpe´snq isolated vertices with high probability. Hence, for λHpxq “ 1{|H| for each x P H and
H P H, we have that maxHPH

ř

xPHXXq
λHpxq ď 1´ Ωpe´sq.

2.1. Proof strategy and difficulty
To motivate the overall strategy of the proof, we will first give a high level discussion of the
plan in [11] and explain why proving Theorem 1.4 requires a new idea.

For S Ď X and λH : X Ñ r0, 1s supported on H, we denote λHpSq “
ř

xPSXH λHpxq. The
proof of Talagrand’s selector process conjecture in [11] relies on the key notion of minimum
fragments. Roughly speaking, for every W P 2X and H P H, the minimum fragment T pW,Hq
is a subset of H that arises from its interaction withW . One then observes that the collection
UpW q :“ tT pW,Hq : H P Hu forms a cover for H for each W P 2X . Furthermore, under the
correct definition of the minimum fragment, one can show a key property that allows the
fragments to be efficiently encoded. Defining W to be bad if maxHPH λHpW q ă c, one then
uses this property to prove, for q “ Cp,

EW„Xq

«

IpW is badq
ÿ

UPUpW q

p|U |

ff

! 1{2, (2.1)

which leads to an upper bound on the probability that Xq is bad, since any cover U for H
must have

ř

UPU p
|U | ě 1{2.

Our proof of Theorem 1.4 follows the same overarching scheme. However, the notion of
minimum fragments as defined in [11] cannot be used directly, and we need a more involved
notion, towers of minimum fragments. Without recalling the detailed definition of minimum
fragments in [11], we briefly explain why they are not sufficient to prove Theorem 1.4.

The selector process conjecture yields, for a typical sample W1 „ Xq, a heavy set H̃ P H for
which λH̃pW1q ě c. One may hope to obtain Theorem 1.4 by replacing H by the collection of
sets H̃zW1 and iterating with new samples Wi „ Xq. This is roughly the iteration behind the
proof of the Kahn–Kalai conjecture. However, in the general weighted setup of the selector
process conjecture, there is a fundamental obstruction to this iteration. Roughly speaking,
based on each fragment T pW1, Hq, one obtains a heavy set H̃ P H depending appropriately
on W1 and H. The proof requires H̃ to be allowed to use elements outside W1 YH. Hence,
we lose any control on the p-smallness of the collection of sets of the form H̃zW1.

Instead, our proof of Theorem 1.4 defines the notion of towers of minimum fragments. For
each H P H and samples W1, . . . ,W` „ Xq, where ` “ Opsq, the tower of minimum fragments
is a suitable collection of disjoint subsets T1, . . . , T` of H. It combines the information from
the interaction of H with all the samples W1, . . . ,W` across the ` “iterations”. In the context
of Theorem 1.4, say that pW1, . . . ,W`q is bad if maxHPH λHp

Ť`
i“1Wiq ă 1´ 2´s. The towers

of minimum fragments are defined so that they satisfy a key property allowing them to be
efficiently encoded. As a result, for any bad pW1, . . . ,W`q, we obtain an analogue of (2.1).

Achieving the correct notion of the tower of minimum fragments is a significant challenge.
The design of the tower of minimum fragments is guided by the following principle:

‚ pT1, . . . , T`q is defined so that pZ, tq, where Zi “ Wi Y Ti and ti “ |Ti|, satisfies a
suitable feasibility condition with a witness pr,H 1q, where H 1 P H.

‚ For a feasible tuple pZ, tq, we can guarantee that maxHPH λHp
Ť`
i“1 Ziq ě 1´ 2´s.
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‚ The fragments Ti can be identified efficiently in a subset pTi which is uniquely determined
by the feasible data pZ, tq.

‚ The size |pTi| is comparable to |Ti|.
Achieving all properties above simultaneously is significantly harder than the case s “ 1
considered previously in [11, 3, 4]. In particular, a key idea there is to verify that if Ti has
elements outside the desired set pTi, then a smaller fragment can be constructed. In our
case, this is highly nontrivial since feasibility has to be defined jointly across ` iterations.
Shrinking a fragment Ti at an earlier step leaves additional elements uncovered in the later
iterations, which might not be covered by any modification of the later fragments. Thus, our
construction of the tower of minimum fragments is significantly different from the previous
constructions.

In the next three subsections, we first make some simple reductions and then formally
introduce towers of minimum fragments together with their key property. In Subsection 2.5,
we complete the proof of Theorem 1.4.

2.2. Simple reductions
We first reduce Theorem 1.4 to a statement for weight vectors taking positive values among
tB´z : z P Nu.

Theorem 2.1. There exists a constant C0 ą 0 such that the following holds. Let 0 ă p ď 1,
let B “ 2L for an integer L ě 2, and let H Ď 2X be not p-small. For each H P H, consider a
weight vector λH : X Ñ r0, 1s such that λH is supported on H,

1
B
ď λHpHq ď 1,

and every positive value of λH belongs to tB´z : z P Nu. Then, with probability at least
1´ 2B´3, there exists H P H such that

λHpHzXC0pLq ď B´2.

We show that Theorem 2.1 implies Theorem 1.4.
Proof. For each H P H, let νH “ λH{λHpHq, so νHpHq “ 1. For νHpxq ą 0, let λ1Hpxq “
BtlogB νHpxqu, and let λ1Hpxq “ 0 when νHpxq “ 0. Then

λ1Hpxq ď νHpxq ď Bλ1Hpxq.

In particular, B´1 ď λ1HpHq ď 1, and every positive value of λ1H belongs to tB´z : z P Nu.
Furthermore, for every Y Ď X,

λ1HpHzY q ď B´2
ùñ λHpY q ě 1´B´1.

Indeed, in this case,
νHpHzY q ď Bλ1HpHzY q ď B´1,

and λHpY q “ λHpHqνHpY q ě νHpY q ě 1´B´1.
We now take B “ 4s “ 22s and apply Theorem 2.1 with L “ 2s to the weight vectors λ1H .

Since B´1 “ 4´s ď 2´s, Theorem 1.4 follows with C “ 2C0. Moreover, its failure probability
is at most

2B´3
“ 21´6s

ď 2´s´1.

�
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2.3. Towers of minimum fragments
Fix B “ 2L for an integer L ě 2, and let ` “ 3L` 2. Notice that

2´`B “ 1
4B

´2. (2.2)

Replacing H by tsupppλHq : H P Hu and retaining one associated weight vector for
each resulting set preserves the fact that the family is not p-small and does not change the
conclusion. As such, without loss of generality, we may assume

H “ supppλHq,
for every H P H. In particular, λHpxq ą 0 for every x P H.

For H P H and j P N, let
Hj :“ tx P H : λHpxq “ B´ju.

Let MH “ maxtj : Hj ‰ Hu, and put Hj “ H for all other integers j. We denote
Hăr “

Ť

jărHj and Hěr “
Ť

jěrHj. For Y Ď X, we also denote

λěrpY q “
ÿ

xPYXHěr

λHpxq.

All level sets and weight notation associated with a displayed H are formed using λH . In
particular, we suppress λH from the arguments of Φ and its variants.

For r P t0, . . . ,MH ` 3u, define

Φpr;Y,Hq :“ λěrpY q ´ p1´B´2
qλěrpHq `B

´r

ˆ

|Hăr´2| `
3
4 |Hr´2| `

3
4B |Hr´1|

˙

. (2.3)

For an integer n ě 0, define

rnsB “

#

0, n “ 0,
BrlogB ns, n ě 1.

Thus, for n ě 1,
n ď rnsB ă Bn. (2.4)

Given sets Z “ pZ1, . . . , Z`q and nonnegative integers t “ pt1, . . . , t`q, let

Zi “
ď

hďi

Zh pi P r`sq

and Z0 “ H. Define

Φpr; Z, t, Hq :“ Φpr;Z`, Hq ´B
´r

ÿ̀

h“1
th. (2.5)

Definition 2.2. We say that pZ, tq is feasible if there exists H P H and an integer r P
t0, . . . ,MH ` 3u such that

Hăr´2 Ď Z1, (2.6)
and, for every j P t1, 2u and i P r`s, at least one of the following holds:

|Hr´jzZi| `
ÿ

hďi

th ď 2´ir|Hr´j|sB; (2.7)

Hr´jzZi´1 Ď Zi. (2.8)

10



Furthermore,
Φpr; Z, t, Hq ě 0. (2.9)

We refer to pr,Hq as a witness of the feasibility of pZ, tq.
Define the lexicographic ordering on Z` by x ĺ y if x “ y or there exists i P r`s such that

xi ă yi and xj “ yj for all j ă i, where x “ px1, . . . , x`q and y “ py1, . . . , y`q.
Definition 2.3 (Towers of minimum fragments). Given a tuple W “ pW1, . . . ,W`q of subsets
of X and H P H, we say that a tuple of sets T “ pT1, . . . , T`q is a tower of fragments of
pW, Hq if the following holds.

‚ The sets T1, . . . , T` are pairwise disjoint subsets of H, and, for every i P r`s,

Ti X

˜

ď

hďi

Wh Y
ď

hăi

Th

¸

“ H.

‚ The tuple Z “ ZpW,Tq “ pZ1, . . . , Z`q, where Zi “ Wi Y Ti, together with t “
p|T1|, . . . , |T`|q is feasible.

We say that T “ TpW, Hq is the minimum tower of fragments of pW, Hq if p|T1|, . . . , |T`|q
is minimal among all towers of fragments of pW, Hq in the lexicographic ordering. We fix an
arbitrary deterministic choice among towers with the same size vector.

2.4. Key properties of the tower of minimum fragments
In this subsection, we record several key properties of the tower of minimum fragments.

Let T “ TpW, Hq be a minimum tower of fragments of pW, Hq, and let Z “ ZpW,Tq be
defined by Zi “ Wi Y Ti. Let t “ p|T1|, . . . , |T`|q.

We first record some simple properties that follow directly from the definition.
Lemma 2.4. For every pW, Hq, a tower of fragments exists.
Proof. Consider T1 “ HzW1 and Ti “ H for i ą 1. We use the witness H and the threshold
r “MH ` 3. In this case, Hěr “ Hr´1 “ Hr´2 “ H and Hăr´2 “ H Ď Z1. Furthermore,

Φpr; Z, t, Hq “ B´r|H| ´B´r|T1| “ B´r|H XW1| ě 0.
Thus, all the conditions in Definition 2.2 hold. �

In particular, this implies the existence of a tower of minimum fragments.
We first record the consequence of the feasibility conditions for the two levels Hr´1 and

Hr´2.
Lemma 2.5. If pZ, tq is feasible with witness pr,Hq, then, for j P t1, 2u,

|Hr´jzZ`| ď
1
4B

´2
|Hr´j|.

Proof. At the last step, either (2.7) holds, in which case

|Hr´jzZ`| `
ÿ̀

h“1
th ď 2´`r|Hr´j|sB,

or (2.8) holds, in which case Hr´jzZ`´1 Ď Z` and Hr´jzZ` “ H. If |Hr´j| ą 0, (2.4) and
(2.2) give

|Hr´jzZ`| ď 2´`r|Hr´j|sB ă 2´`B|Hr´j| “
1
4B

´2
|Hr´j|.

11



The statement is immediate when |Hr´j| “ 0. �

The next lemma explains the choice of the potential Φ.

Lemma 2.6. If pZ, tq is feasible with witness pr,Hq, then
λHpHzZ`q ď B´2λHpHq ď B´2.

Proof. By Lemma 2.5, for j P t1, 2u,
λHpZ` XHr´jq ´ p1´B´2

qλHpHr´jq “ B´2B´pr´jq|Hr´j| ´B
´pr´jq

|Hr´jzZ`|

ě
3
4B

´2λHpHr´jq.

Every element of Hăr´2 belongs to Z1 and has weight at least B3´r. Hence,
B´2λHpHăr´2q ě B1´r

|Hăr´2| ě B´r|Hăr´2|.

Recalling (2.3), (2.5), and (2.9), we obtain
λHpZ` XHq ´ p1´B´2

qλHpHq ě Φpr;Z`, Hq

“ Φpr; Z, t, Hq `B´r
ÿ̀

h“1
th ě 0.

The left-hand side is B´2λHpHq ´ λHpHzZ`q, which proves the lemma. �

The key property of towers of minimum fragments roughly shows that each Ti is contained
in a set pTi which is determined by pZ, tq, while the total size of the sets pTi is comparable to
the total size of the fragments. We next fix a choice of a witness of the feasibility of pZ, tq
which only depends on pZ, tq.

Fix an arbitrary ordering on H. For eachH P H, consider the thresholds r P t0, . . . ,MH`3u
satisfying (2.6) and at least one of (2.7) and (2.8) for every j P t1, 2u and i P r`s. If there is no
such threshold, we ignore H. Otherwise, choose one which maximizes Φpr; Z, t, Hq, breaking
ties by taking the smallest r. Since pZ, tq is feasible, the resulting maximum is nonnegative
for at least one H. Let pH be the first such H and let pr be the corresponding threshold. At
every pair pj, iq, we use (2.7) whenever it holds and otherwise use (2.8).

We define
pT1 “ pHăpr´2 Y

ď

jPt1,2u:
p2.7q does not hold for pj,1q

pH
pr´j,

pTi “
ď

jPt1,2u:
p2.7q does not hold for pj,iq

´

pH
pr´jzZi´1

¯

p2 ď i ď `q.

Here (2.7) is evaluated with the pair ppr, pHq. The sets pTi depend only on pZ, tq. Furthermore,
for each j P t1, 2u, there is at most one i for which (2.7) does not hold and pH

pr´jzZi´1 is
nonempty.

The key property of towers of minimum fragments says that pTi always contains the fragment
Ti.

Lemma 2.7 (Key property of towers of minimum fragments). We have Ti Ď pTi for every
i P r`s.

12



Proof of Lemma 2.7. Suppose that x P TizpTi. We first have x R pHăpr´2. Indeed, pHăpr´2 Ď Z1,
which contradicts the definition of a tower of fragments if i ą 1, while pHăpr´2 Ď pT1 if i “ 1.

Define

T 1h “

$

’

&

’

%

Tiztxu, h “ i,

Ti`1 Y txu, h “ i` 1, i ă `, x R Wi`1,

Th, otherwise,
and let T1 “ pT 11, . . . , T

1
`q, t1h “ |T 1h|, Z 1h “ Wh Y T 1h, t1 “ pt11, . . . , t1`q, and Z1 “ pZ 11, . . . , Z 1`q.

The sets T 11, . . . , T 1` satisfy the first condition in the definition of a tower of fragments, and
t1 ă t.

We show that pZ1, t1q is feasible with witness ppr, pHq. Condition (2.6) follows from x R pHăpr´2.
Suppose that x P pH

pr´j for some j P t1, 2u. Since x P Ti, we have x R Zi´1. Since x R pTi,
condition (2.7) holds at pj, iq, and

| pH
pr´jzZ

1

i| `
ÿ

hďi

t1h “ |
pH
pr´jzZi| `

ÿ

hďi

th.

If i ă `, then x P Z 1i`1 and Z 1h “ Zh for every h ě i` 1. Thus, at step i` 1, condition (2.8)
remains valid if it held before, while the left-hand side of (2.7) does not increase. The same
is true at every later step. For the other value of j, and also when x R pH

pr´1 Y pH
pr´2, the

relevant set differences are unchanged, while the partial sums in (2.7) do not increase. Thus,
the previously valid condition remains valid.

We next consider (2.9). If i ă ` and x R Wi`1, then Z
1

` “ Z` and
ř`
h“1 t

1
h “

ř`
h“1 th, so Φ

is unchanged. If i ă ` and x P Wi`1, then Z
1

` “ Z` and
ř`
h“1 t

1
h “

ř`
h“1 th´ 1, so Φ increases

by B´pr. Finally, suppose that i “ `. Then Z 1` “ Z`ztxu and
ř`
h“1 t

1
h “

ř`
h“1 th ´ 1. In this

case, Φ increases by B´pr if x P pH
pr´1 Y pH

pr´2 or x R pH, and changes by

B´pr ´ λ
pHpxq ě 0

if x P pHěpr. Thus, (2.9) holds.
Hence, T1 is a tower of fragments with a lexicographically smaller size vector, contradicting

the minimality of T. �

In order for the key property of towers of minimum fragments to be useful, we need the
following bound on the sets pTi.

Lemma 2.8. We have
ÿ̀

i“1
|pTi| ă 6

ÿ̀

i“1
ti

whenever
ř`
i“1 ti ą 0, and pTi “ H for all i when

ř`
i“1 ti “ 0.

Proof. We first claim that

| pHăpr´2| ď
3
2
ÿ̀

i“1
ti. (2.10)

The claim is immediate if pHăpr´2 “ H. Suppose then that pHăpr´2 ‰ H. In particular, the
threshold pr ´ 1 belongs to the allowed range.

13



The pair ppr ´ 1, pHq satisfies (2.6)–(2.8). Indeed, the conditions on pH
pr´2 are the same

as before. Also, pH
pr´3 Ď pHăpr´2 Ď Z1, so (2.8) holds at the first step and the relevant set

difference is empty afterwards. Finally, pHăpr´3 Ď Z1.
A direct calculation from (2.3) gives

Φppr ´ 1; Z, t, pHq ´ Φppr; Z, t, pHq

“ B´pr´1
ˆ

1
4 |

pH
pr´1| ´B

2
| pH

pr´1zZ`|

˙

`B´pr
ˆ

3B
4 ´ 1

˙

| pH
pr´3| `B

´pr
pB ´ 1q| pHăpr´3|

´B´prpB ´ 1q
ÿ̀

i“1
ti. (2.11)

By Lemma 2.5,
| pH

pr´1zZ`| ď
1
4B

´2
| pH

pr´1|,

so the first term on the right-hand side of (2.11) is nonnegative. On the other hand, the
choice of pr maximizes the potential among the thresholds for pH which satisfy (2.6)–(2.8).
Therefore, the left-hand side is nonpositive, and

ˆ

3B
4 ´ 1

˙

| pH
pr´3| ` pB ´ 1q| pHăpr´3| ď pB ´ 1q

ÿ̀

i“1
ti.

Recalling that B ě 4, we obtain

| pHăpr´2| “ | pHpr´3| ` | pHăpr´3| ď
3
2
ÿ̀

i“1
ti,

which proves the claim.
Now suppose that j P t1, 2u and i P r`s, that (2.7) does not hold for pj, iq, and that

pH
pr´jzZi´1 ‰ H. We show that

| pH
pr´jzZi´1| ă 2

ÿ

hďi

th ď 2
ÿ̀

h“1
th. (2.12)

Since (2.8) holds, pH
pr´jzZi “ H. The failure of (2.7) therefore gives

ÿ

hďi

th ą 2´ir| pH
pr´j|sB.

If i “ 1, then
| pH

pr´j| ď r| pH
pr´j|sB ă 2t1.

If i ą 1, condition (2.8) cannot have been used at the preceding step, since this would imply
pH
pr´jzZi´1 “ H. Hence, (2.7) holds at the preceding step and

| pH
pr´jzZi´1| `

ÿ

hďi´1
th ď 2´pi´1qr| pH

pr´j|sB ă 2
ÿ

hďi

th.

This proves (2.12).
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For each j P t1, 2u, the set pH
pr´jzZi´1 can be nonempty for at most one index i at which

(2.7) does not hold. Hence, if
ř`
i“1 ti ą 0, the definition of the sets pTi, (2.10), and (2.12) give

ÿ̀

i“1
|pTi| ă

3
2
ÿ̀

i“1
ti ` 4

ÿ̀

i“1
ti ă 6

ÿ̀

i“1
ti.

If
ř`
i“1 ti “ 0, then (2.10) gives pHăpr´2 “ H. Furthermore, if pH

pr´jzZi´1 were nonempty at
an index where (2.7) does not hold, then (2.12) would give a positive cardinality strictly less
than zero. Thus, pTi “ H for every i P r`s. �

2.5. Proof of Theorem 1.4
We will now prove Theorem 2.1. Let q “ 217e p, and let C0 be a sufficiently large absolute
constant. If q ě 1, then C0pL ě 1, and the conclusion is immediate. We may therefore
assume that q ă 1.

We first bound the number of possible vectors t.

Lemma 2.9. Fix Z and an integer k ě 1. As t ranges over the size vectors satisfying
ř`
i“1 ti “ k which arise from a minimum tower mapping to Z, for each j P t1, 2u there are at

most
3 prlog2p2kqs` 1q2

possible indices i for which (2.7) does not hold and pH
pr´jzZi´1 ‰ H.

Proof. For every such index i,

1 ď 2´pi´1qr| pH
pr´j|sB ă 2k.

Indeed, (2.8) gives pH
pr´jzZi “ H, so the failure of (2.7) at step i gives

2´ir| pH
pr´j|sB ă

ÿ

hďi

th ď k,

which gives the upper bound. The lower bound is immediate when i “ 1. When i ą 1, (2.8)
cannot hold at step i´ 1, since pH

pr´jzZi´1 ‰ H. Hence, (2.7) holds at step i´ 1 and gives
the lower bound.

Let r| pH
pr´j|sB “ Bm “ 2mL and let d “ rlog2p2kqs. The previous bound implies

mL´ log2p2kq ă i´ 1 ď mL.

For each fixed m, this interval contains at most d` 1 integer values of i. If it contains a value
i ď `, then

mL ă i´ 1` log2p2kq ď `´ 1` d “ 3L` 1` d.
Thus, the number of possible nonnegative integers m is at most

3`
R

d` 1
L

V

ď 3pd` 1q.

The result follows. �

Lemma 2.10. For every fixed Z and integer k ě 1, the number of vectors t with
ř`
i“1 ti “ k

which arise from a minimum tower mapping to Z is at most 210k.
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Proof. By Lemma 2.7, ti ą 0 only if pTi ‰ H. Apart from the first step, for each j P t1, 2u
there is at most one such step, and Lemma 2.9 gives at most 3prlog2p2kqs` 1q2 possibilities
for it. Thus, there are at most

`

3prlog2p2kqs` 1q2 ` 1
˘2

possible choices for these two steps. Once they are fixed, there are at most
`

k`2
2

˘

nonnegative
vectors of total size k supported on the resulting set of at most three steps. Since rlog2p2kqs ď k,
we have

`

3prlog2p2kqs` 1q2 ` 1
˘2
ˆ

k ` 2
2

˙

ď 210k6
ď 210k. �

Let W1, . . . ,W` „ Xq be independent. For each pair pW, Hq, we select the minimum
tower of fragments using the deterministic choice fixed above. Let T pWq be the collection of
distinct selected tower tuples as H varies in H. Since the fragments are pairwise disjoint, for
every T P T pWq,

ˇ

ˇ

ˇ

ˇ

ˇ

ď̀

i“1
Ti

ˇ

ˇ

ˇ

ˇ

ˇ

“
ÿ̀

i“1
|Ti|.

We next record the inverse multiplicity bound which follows from the two key properties
in the previous subsection.

Lemma 2.11. Fix Z and a vector t with
ř`
i“1 ti “ k ě 1. The number of selected tower

tuples T which map to pZ, tq is at most p23eqk. Consequently, for fixed Z and k, the number
of pairs pt,Tq arising from selected towers mapping to Z is at most p213eqk.

Proof. For the fixed pair pZ, tq, the chosen pair ppr, pHq and the sets pTi are fixed. Lemma 2.7
gives Ti Ď pTi for every selected tower counted above. Treating the sets pTi as disjoint labeled
copies and using Lemma 2.8, the number of possible towers for this fixed size vector is at
most

ź̀

i“1

ˆ

|pTi|

ti

˙

ď

ˆř`
i“1 |

pTi|

k

˙

ď

ˆ

6k
k

˙

ď p23eqk.

The second statement follows from Lemma 2.10, since 210kp23eqk “ p213eqk. �

We are now ready to state and prove the key switching lemma.

Lemma 2.12. For every integer a ě 0, we have

EW1,...,W`„Xq

»

—

—

–

ÿ

TPT pWq
ř`

i“1 |Ti|ąa

p
ř`

i“1 |Ti|

fi

ffi

ffi

fl

ď
1
48´a.

Proof. We denote by Pq the product Bernoulli measure on p2Xq`. Map each pair pW,Tq to
pZ, t,Tq, where

Zi “ Wi Y Ti, ti “ |Ti|.

This map is injective, since Wi “ ZizTi. Furthermore, Ti XWi “ H, and hence

PqpWq

PqpZq
“

ˆ

1´ q
q

˙

ř`
i“1 |Ti|

.
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Summing first over Z and using Lemma 2.11, we obtain

EW

»

—

—

–

ÿ

TPT pWq
ř`

i“1 |Ti|ąa

p
ř`

i“1 |Ti|

fi

ffi

ffi

fl

ď
ÿ

kąa

p213eqk
ˆ

p1´ qqp
q

˙k
ÿ

Z
PqpZq

“
ÿ

kąa

ˆ

213e
p1´ qqp

q

˙k

.

By the choice q “ 217e p, we have 213ep1´ qqp{q ď 1{16. Therefore, the last sum is at most
ÿ

kąa

16´k ď 1
48´a.

�

We will also use the following consequence of the exponential tail version of the Kahn–Kalai
conjecture due to Bell [2].

Lemma 2.13. There exists an absolute constant C1 ą 0 such that the following holds. Let
X be a finite set, let 0 ă p ď 1, let r ě 1, and let R Ď 2X be a family of nonempty sets of
size at most r. Suppose that every cover C of R satisfies

ÿ

CPC
p|C| ě

1
4 .

Then, with probability at least 1´ 8´r, the set XC1pr contains a member of R.

Proof. If 3p ě 1, the conclusion is immediate after increasing C1. We may therefore assume
that 3p ă 1. The family R is not p3pq-small. Indeed, a cover C with

ÿ

CPC
p3pq|C| ď 1

2

cannot contain the empty set and would satisfy
ÿ

CPC
p|C| ď

1
3
ÿ

CPC
p3pq|C| ď 1

6 .

The result follows from [2, Theorem 3], applied with failure probability 8´r, yields the result,
since

logpr8rq “ 3r ` log r ď 4r.
�

Remark. Bell’s result is needed only for the exponentially small bound on the failure probability.
For the version of Theorem 2.1 in which the probability 1´ 2B´3 is replaced by 2{3, it is not
needed. Consequently, the same is true for the version of Theorem 1.4 with probability 2{3.
In particular, the argument gives new proofs, independent of the proofs in [11, 12], of both
Talagrand’s selector process conjecture and the Kahn–Kalai conjecture.

We can now complete the proof of Theorem 2.1.
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Proof of Theorem 2.1. Let

E “
!

A Ď X : min
HPH

λHpHzAq ď B´2
)

, Y “
ď̀

i“1
Wi,

For Y R E , define
RpY q “ tG Ď XzY : 1 ď |G| ď L, Y YG P Eu

and
H0pY q “ tH P H : G Ď H for some G P RpY qu.

Suppose first that every cover C of H0pY q satisfies
ÿ

CPC
p|C| ě

1
4 .

Every cover of RpY q is then also a cover of H0pY q. Condition on W, and let S „ XC1pL

be independent. Applying Lemma 2.13 on the ground set XzY , we see that S contains a
member of RpY q with probability at least 1 ´ 8´L. Since E is increasing, whenever this
happens, Y Y S P E .

It remains to bound the probability of the other case. In this case, fix a cover C of H0pY q
such that

ÿ

CPC
p|C| ă

1
4 ,

and consider H P HzH0pY q. Let pT1, . . . , T`q be its selected minimum tower of fragments.
We claim that

ÿ̀

i“1
|Ti| ą L.

Indeed, otherwise put

G “

˜

ď̀

i“1
Ti

¸

zY.

We have Y YG “
Ť`
i“1pWi Y Tiq, so Lemma 2.6 gives Y YG P E . Moreover, G is nonempty

since Y R E , and G Ď H. Thus, G P RpY q, contradicting H R H0pY q.
The sets

Ť`
i“1 Ti, together with C, form a cover of H. Since H is not p-small, the cost of

the tower unions
Ť`
i“1 Ti is greater than 1{4. Therefore,

ÿ

TPT pWq
ř`

i“1 |Ti|ąL

p
ř`

i“1 |Ti| ą
1
4 .

Lemma 2.12 and Markov’s inequality therefore show that the probability of this case is at
most 8´L. Consequently,

PpY Y S R Eq ď 2 ¨ 8´L “ 2B´3.

The set Y has the same distribution as Xq˚ , where

q˚ “ 1´ p1´ qq` ď `q ď 219e pL.

Hence, Y YS has density at most p219e`C1qpL. Taking C0 ě 219e`C1 and using monotonicity
proves Theorem 2.1, and hence Theorem 1.4 by the reduction above. �
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Proof of Corollary 1.5. Let mp “ EZΛpXpq. We may assume that 0 ă mp ă 8. Let

L “ rlogp4{δqs , B “ 2L, q “
p

C0L
.

Suppose, for the sake of contradiction, that
A “ tA Ď X : ZΛpAq ą p1` δqmpu

is not q-small. For every A P A, choose λA P Λ such that λApAq ą p1` δqmp, and put

νApxq “
λApxqIpx P Aq

λApAq
.

For νApxq ą 0, let λ1Apxq “ BtlogB νApxqu, and let λ1Apxq “ 0 otherwise. Then

λ1Apxq ď νApxq ď Bλ1Apxq,
1
B
ď λ1ApAq ď 1.

Applying Theorem 2.1 to A at density q, we have, with probability at least 1´ 2B´3, some
A P A such that

λ1ApAzXpq ď B´2.

In this case,
νApAzXpq ď Bλ1ApAzXpq ď B´1.

For this A,
ZΛpXpq ě λApXpq ě λApAXXpq ą p1´B´1

qp1` δqmp.

Taking expectations gives
mp ą p1´ 2B´3

qp1´B´1
qp1` δqmp.

On the other hand, B´1 ď δ{4 and 2B´3 ď δ{4, while

p1´ δ{4q2p1` δq “ 1` δ

16p8´ 7δ ` δ2
q ą 1

for 0 ă δ ď 1, a contradiction. Thus, A is q-small, from which the desired result follows. �

3. Finding small integral covers from fractional covers
In this section, we give the proof of Theorem 1.7, relying on Theorem 1.4. In particular,
given a fractional cover w, we construct appropriate weight vectors λH on H. If H is not
q-small, then Theorem 1.4 shows that, with reasonably high probability, maxHPH λHpXq1q

is very close to 1, for q1 not much larger than q. Relying on this conclusion, we then show
that the sum of wpW q over W contained in Xq1 must be large. However, if q1 ă p, then this
contradicts the assumption that w is fractionally small, i.e.

ř

WP2X wpW qp|W | ď 1{2.
Proof of Theorem 1.7. We may first assume that wpHq “ 0. Indeed, if a “ wpHq ą 0, define
w1pHq “ 0 and

w1pW q “ min
"

wpW q

1´ a , 1
*

for every nonempty W Ď X.

Since a ď 1{2, the function w1 is a fractional cover of H, and
ÿ

WP2X

w1pW qp|W | ď

ř

WP2X wpW qp|W | ´ a

1´ a ď
1{2´ a
1´ a ď

1
2 .

19



Indeed, for each H P H, the sum of wpW q{p1´ aq over the nonempty sets W Ď H is at least
1, and truncating a term can only occur when that term becomes 1. We can therefore replace
w by w1.

Given the fractional cover w, we now construct weight vectors λH for H P H as follows.
Denote W the support of the fractional cover w. For each H P H, define

λHpxq “

ř

WPW:xPW,WĎH
wpW q
|W |

ř

yPH

ř

WPW:yPW,WĎH
wpW q
|W |

.

In particular,
ř

xPH λHpxq “ 1. Also note that
ÿ

yPH

ÿ

WPW:yPW,WĎH

wpW q

|W |
“

ÿ

WPW:WĎH
wpW q.

Let s “ rlogp2tqs. Assume for the sake of contradiction that H is not q-small for

q “
cp

logp2tq .

By Theorem 1.4, with probability at least 2{3, for q1 “ Csq and an absolute constant C ą 0,

max
HPH

ÿ

xPXq1XH

λHpxq ě 1´ 2´s ě 1´ 1
2t .

Since s ď 2 logp2tq, we have q1 ď 2Ccp. We choose c ď mint1, p12Cq´1u, so that q ď 1 and
q1 ď p{6. On the other hand, observe that

ÿ

xPXq1XH

λHpxq “

ř

WPW:WĎH wpW q ´
ř

WPW:WĎH,WĘXq1
wpW q

|W zXq1 |

|W |
ř

WPW:WĎH wpW q

“ 1´
ř

WPW:WĎH,WĘXq1
wpW q

|W zXq1 |

|W |
ř

WPW:WĎHXXq1
wpW q `

ř

WPW:WĎH,WĘXq1
wpW q

ď 1´
1
t

ř

WPW:WĎH,WĘXq1
wpW q

ř

WPW:WĎHXXq1
wpW q `

ř

WPW:WĎH,WĘXq1
wpW q

“ 1´ 1
t
`

ř

WPW:WĎHXXq1
wpW q

t
ř

WPW:WĎH wpW q
.

Here, in the first inequality, we use that |W | ď t for all W P W .
We hence obtain, with probability at least 2{3,

1
2t ď ´1` 1

t
`max

HPH

ÿ

xPXq1XH

λHpxq

ď max
HPH

ř

WPW:WĎHXXq1
wpW q

t
ř

WPW:WĎH wpW q

ď max
HPH

ř

WPW:WĎHXXq1
wpW q

t
.
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Here we use the assumption that w is a fractional cover of H and hence
ř

WPW:WĎH wpW q ě 1.
Therefore, with probability at least 2{3

max
HPH

ÿ

WPW:WĎHXXq1

wpW q ě
1
2 ,

which implies

E

»

–max
HPH

ÿ

WPW:WĎHXXq1

wpW q

fi

fl ě
1
3 ,

Note that
ÿ

WPW:WĎXq1

wpW q ě max
HPH

ÿ

WPW:WĎHXXq1

wpW q.

Thus,

E

»

–

ÿ

WPW:WĎXq1

wpW q

fi

fl ě
1
3 .

On the other hand, by linearity of expectation,

E

»

–

ÿ

WPW:WĎXq1

wpW q

fi

fl “
ÿ

WPW
pq1q|W |wpW q.

Since q1 ď p{6 and every set in W is nonempty,

E

»

–

ÿ

WPW:WĎXq1

wpW q

fi

fl ď
ÿ

WPW
pp{6q|W |wpW q

ď
1
6

ÿ

WPW
p|W |wpW q ď

1
12 .

This is a contradiction, and hence we conclude that H must be q-small, as desired. �

Combining Theorem 1.7 with the sampling argument of Fischer and Person [7, Lemmas 16
and 17], which we include below for completeness, we obtain Corollary 1.8.

Proof of Corollary 1.8. Let n “ |X| and t “ rlogp8nqs. As in the proof of Theorem 1.7, we
may assume that wpHq “ 0. Put

H0 “

$

’

&

’

%

H P H :
ÿ

WĎH
1ď|W |ďt

wpW q ě
1
2

,

/

.

/

-

, H1 “ HzH0.

For 1 ď |W | ď t, let w0pW q “ mint2wpW q, 1u, and let w0pW q “ 0 otherwise. Then w0 is a
fractional cover of H0 and

ÿ

WP2X

w0pW qpp{2q|W | ď
ÿ

WP2X

wpW qp|W | ď
1
2 .
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Let c0 ď 1 be the constant in Theorem 1.7, and set

q “
c0p

4 logp2tq .

Applying Theorem 1.7 to w0 at density p{2, we obtain a cover of H0 having cost at most 1{2
at density c0p{p2 logp2tqq. This cover cannot contain the empty set. Decreasing the density
by a factor of 2, we therefore obtain a cover G0 of H0 such that

ÿ

GPG0

q|G| ď
1
4 . (3.1)

Independently include every W Ď X with |W | ą t in G1 with probability mint4pn `
1qwpW q, 1u. For every H P H1,

ÿ

WĎH
|W |ąt

wpW q ą
1
2 .

If one of these sets is included with probability 1, then H is covered surely. Otherwise,

PpH R xG1yq ď exp

¨

˚

˝

´4pn` 1q
ÿ

WĎH
|W |ąt

wpW q

˛

‹

‚

ă e´2pn`1q.

Hence,
PpH1 Ę xG1yq ď 2ne´2pn`1q

ă
1
4 .

Since q ď p{4 and t ě logp8nq,

E

«

ÿ

GPG1

q|G|

ff

ď 4pn` 1q
ÿ

|W |ąt

wpW qpp{4q|W |

ď 2pn` 1q4´pt`1q
ď

1
64 .

By Markov’s inequality, with probability at least 15{16,
ÿ

GPG1

q|G| ď
1
4 .

The event that G1 covers H1 has probability greater than 3{4, while the last event has
probability at least 15{16. Their intersection is nonempty, so we may fix a choice of G1
which covers H1 and satisfies the last inequality. Together with (3.1), this shows that H is
q-small. �

4. Sudakov minoration for selector processes
In this section, we prove Theorem 1.10 and its corollaries.

Proof of Theorem 1.10. For T Ď X, let
ΛT “ tλ P Λ0 : T Ď Cλu, dpT q “ |ΛT |.

Choose T Ď X maximizing
dpT qp´|T |, (4.1)
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and, among all maximizers, choose one for which |T | is minimum. Since

dpHq “ |Λ0| ě p´n,

the maximum is positive, and hence T Ď Cλ for some λ P Λ0. In particular, |T | ď n.
We first observe that

dpT q ě 2. (4.2)
Indeed, if dpT q “ 1, then

dpT qp´|T | ď p´n ď dpHq.

Thus, the empty set is also a maximizer in (4.1). By the choice of T , we would have T “ H,
which contradicts dpT q “ 1, since dpHq ě p´n ą 1.

By the maximality of T , for every S Ď XzT ,

dpT Y Sq ď p|S|dpT q. (4.3)

Consider the family
HT “ tCλzT : λ P ΛT u.

Its members are distinct. Indeed, if CλzT “ Cλ1zT for distinct λ, λ1 P ΛT , then Cλ “ Cλ1 ,
contradicting (1.4).

We claim that HT is not p-small. Let G be a cover of HT , after discarding from G any set
which is not contained in a member of HT . Counting the members of ΛT according to a set
of the cover contained in CλzT , and then using (4.3), we obtain

dpT q ď
ÿ

GPG
dpT YGq ď dpT q

ÿ

GPG
p|G|.

Thus, every cover G of HT satisfies
ÿ

GPG
p|G| ě 1,

proving the claim.
For H “ CλzT P HT , choose, using (4.2), some λ1 P ΛT distinct from λ. Since T Ď Cλ1 , we

have
λpHq ě λpCλzCλ1q ě r.

Define a weight vector νH : X Ñ r0, 1s by

νHpxq “

#

λpxq{λpHq, x P H,

0, x R H.

Then νH is supported on H and νHpHq “ 1.
Applying Theorem 1.4 to the family HT and the weight vectors νH , we have, with probability

at least 1´ 2´s´1, some H “ CλzT P HT such that

νHpXCspq ě 1´ 2´s.

Since λpxq “ λpHqνHpxq ě rνHpxq for every x P H, it follows that

ZΛpXCspq ě λpXCspq ě rνHpXCspq ě p1´ 2´sqr.

�
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In particular, let C0 ě 1 be the absolute constant in Theorem 1.10, and choose

s “ rlogp1{εqs, q “
p

C0s
.

Since s ď logp2{εq, the hypothesis in (1.5), with C “ C0, gives |Λ0| ě q´n. Theorem 1.10,
applied at density q, gives

P
`

ZΛpXpq ě p1´ εqr
˘

ě 1´ 2´s´1
ě 1´ ε

2 .

Proof of Corollary 1.11. Let C ě 1 be the absolute constant in Theorem 1.10, and let
K “ rCs. Applying Theorem 1.10 with s “ 1 gives

EZΛpXmintCp,1uq ě
3r
8 . (4.4)

Indeed, the corresponding random variable is at least r{2 with probability at least 3{4.
Let Y „ XmintCp,1u. Independently assign each element of Y one of K colors uniformly,

and let Yi be the set of elements receiving color i. Each Yi has the same law as Xρ, where

ρ “
mintCp, 1u

K
ď p.

Since the weight vectors are nonnegative,

ZΛpY q ď
K
ÿ

i“1
ZΛpYiq.

Taking expectations, using monotonicity, and then (4.4), we get
3r
8 ď EZΛpY q ď KEZΛpXρq ď KEZΛpXpq.

This proves the result with c “ 3{p8Kq. �

Proof of Corollary 1.12. If p “ 1, the result is immediate. Suppose that p ă 1, and take

Λ “ Λ0 “ tIF : F P Fu, CIF
“ F.

For distinct F, F 1 P F ,

IF pCIF
zCIF 1

q “ |F zF 1| “ n´ |F X F 1| ě
n

2 .

Corollary 1.11, applied with r “ n{2, gives

Emax
FPF

|F XXp| “ EZΛpXpq ě cn,

after changing the absolute constant c. �
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